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ARTICLES

Surprising Dynamics From a Simple Model

JAMES A. WALSH

Oberlin College
Oberlin, OH 44074-1019
jim.a.walsh@oberlin.edu

You are knee-deep in the craziness of a typical semester. There are (at least) two major
obligations vying for your valuable time, be they teaching-related issues versus revis-
ing that paper, preparing for a committee meeting versus going to the gym, or perhaps
playing softball with your daughter and soccer with your son. How do you decide how
much time to devote to each of these activities in a given day?

Fully aware that “there is no best model, only better ones” [1, p. xv], I nevertheless
tout a particularly simple model of this decision-making process as being exemplary
[7]. It is simple enough to include in an undergraduate dynamical systems or modeling
course, yet sophisticated enough to capture a variety of possible behaviors. The model
yields insights both valuable and mathematically interesting. Above all, perhaps, this
versatile model also arises in economics when studying price fluctuations in a single
commodity market [10].

After introducing a queueing model of this decision-making process [7], I will show
how a similar family of mappings arises in the cobweb model of adaptive price expec-
tations from economic dynamics [10]. This will be followed by an investigation into
the dynamics of this model, which include both the well-known period-doubling route
to chaos and the less well-known “period-halving route to stable equilibrium.” I will
conclude with several observations.

A queueing model of a two-task decision-making process

Suppose that each day (or, more generally, each time period), you must decide how
much effort to devote to two activities, or jobs, denoted A and B. Begin by scaling
time so that the time period is 1. To further simplify matters, assume the input rates
« and B of jobs A and B, respectively, are constant. Referring to FIGURE 1, think of
these jobs as flowing into queues, with queue volumes corresponding to the amount of
each job waiting to be “served” by you.

Let ¢4 and ¢p be decision functions, denoting the rate at which you work on jobs
A and B, respectively. (Equivalently, the rate at which queues A and B would empty,
absent any input.) As the time period is 1, note that @ + 8 and ¢4 + ¢ represent the
total volume inflow and total voume outflow, respectively, for the system over one time
period.

Finally, assume the system is closed in the sense that your total capacity ¢4 + @5
equals the total input o + 8 over each time period, and normalize so that ¢4 + ¢5 =
a+ B =1.

Let x, and y, denote the volumes of queues A and B, respectively, at the nth time
period. With an eye toward arriving at a function of a single variable, assume the

327
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Figure 1 The queueing model

functions ¢4 and ¢p depend on the difference x, — y, in queue volumes. The discrete
evolution of queue volumes over time is then given by the pair of equations

Xnyl = Xp + 0 — Pa(Xp — Yn) (1
and
Ynt1 = Yn + ﬂ - ¢B(xn - yn)- (2)

To reduce to one recurrence relation containing a single variable, start by adding
equations (1) and (2). Recalling that ¢ + 8 = ¢4 + ¢, the sum of the queue volumes
is then constant for all n:

Xngtl + Yoyl = Xn + Yn = C. (3)
Solving (3) for y, and substituting into (1) yields
Xpyl = Xp+a — ¢A(2xn - C) (4)

In analyzing model behavior, we can thus focus on the size of queue A (or, equivalently
via (3), the size of queue B) over time.

This model will be complete once we choose the decision function ¢4, now simply
denoted ¢. The choices presented here lead to a model in which the longer queue is
served with higher priority. To that end, the simplest such ¢ is the function ¢, graphed
in FIGURE 2. The model (4) then encompasses an all-or-nothing strategy: If, for ex-

1
1

u

i

Figure 2 The all-or-nothing decision function ¢,
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ample, x, > y, (so that x, — y, > 0 and x,, > C/2), the entire time period is devoted
to job A.

A second possibility for ¢ is the logistic-type function ¢, graphed in FIGURE 3. In
this case most, though not all, of the time is devoted to the activity having the longer
queue. The graph of ¢, is called an S-shaped curve, meaning that it has a unique
inflection point which is a maximum of the derivative function ¢, (u).

As is often the case in discrete dynamical systems a parameter will be included,
which, in this case, will tune the steepness of the graph of ¢,. For example, each map
in the one-parameter family

1
=—\ A>0 5
b = 5 A (5)
has an S-shaped graph. For future reference, also note that, for u # 0, ¢2(u) — ¢, (u)
as A — o0o. With this choice of ¢,, equation (4) becomes

1
1 + e=*@x=0)"

(6)

Xptl = Xp + 0 —

Figure 3 The decision function ¢,

The problem then is to understand the behavior of the sequence {x,} generated by
(4) as n — oo. To avoid negative queue volumes, I will assume that the constant C
is sufficiently large and that X is chosen appropriately. As we will see (FIGURE 9, for
example), for C > 2 all interesting behavior involves A-values for which neither queue
is ever empty. [ will thus set C = 2 in all that follows. Equation (6) then becomes

1
1 + e~ a1

Xpp1 = Xp +a — (7

The function f(x) = x + o — ¢$(2x —2),0 < a < 1, which determines the evolu-
tion of x,, via (7), is the sum of a linear function and the negation of an S-shaped curve.
Before investigating the dynamics of this model, I will show how a similar family of
maps arises in a well-known model from economic dynamics.

The cobweb model from economic dynamics

One of the basic supply and demand models from economics, the cobweb model con-
cerns the price dynamics in a single commodity market with a one year lag in supply.
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As the market is typically agricultural (and I live in Ohio!), I will assume the commod-
ity is corn.

In order to determine how much corn to plant in year n — I, to be harvested the
following year, the farmer must estimate the price at which corn will sell in year ».
This estimate is called the expected price and is denoted r,,. Let p, denote the actual
selling price of corn in year n. Then the demand for corn will be a function of its current
price p,,, while the supply is a function of the expected price r,,. Note that while many
calculus books present price as a dependent variable, here it is an independent variable.

Let ¢¢ = D(p,) and g} = S(r,) denote the demand and supply of corn at year
n. Assume each of D and S is continuous, with D strictly decreasing and S strictly
increasing (FIGURE 4). An explicit assumption of the cobweb model states that ¢ =
g, for each n, representing a so-called temporary equilibrium. (In spirit this follows the
basic supply-and-demand model in which, once the supply is specified, prices adjust
so that demand equals supply [12, p. 72].) Moreover, the expected price is assumed to
be a weighted average of each of the previous year’s expected price 7, and price p,:

Ty =1 —w)mw, +wp,, O0<w<1. (8)

q([ — D(p) q.x' — S(T[)

p : b4

Figure 4 Demand and supply curves for the cobweb model

As in the previous section, this model will be reduced to one recurrence relation
containing a single variable. The equation ¢¢ = ¢ or, equivalently, D(p,) = S(r,),
implies p, = D~'S(r,). Substituting this expression for p, into (8) yields

Tyt = (1 - U.))7T,, + wD_‘S(N,,). (9)

Note that for w = 1, (8) reduces to 7,1 = p,, implying the expected price is sim-
ply the current year’s price. In this case (9) yields 7,,; = D~'S(s,). As the function
of a single real variable D~'S is continuous and monotonic, the possible types of long-
term behavior for the sequence {r,} are very limited.

PROPOSITION 1. Let w = 1 and pick any initial wy. As n — 00, the sequence {rm,}
defined by (9) either

(i) converges to an equilibrium point,
(i1) converges to a period-2 oscillation, or
(iii) satisfies |m,| — oo.

The proof of Proposition 1, a particularly nice exercise for students, is left to the
reader [6, p. 23, problem 7]. In the following I will assume 0 < w < 1.

In the simplest setting, each of D and S would be linear functions. In this case, (9)
has the form =, y, = rm, + s, for some constants » and s. Again, for r % 0 the function
f defined by 7, = f(w,) = rm, + s is continuous and monotonic, so nothing more
complicated than a period-2 oscillation can occur. (More can be said in this linear case
[S, chapter 1].)
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Following Hommes, I will thus assume that while D remains a linear function,
the supply function S is nonlinear [10]. Set D(p) = a — bp, b > 0. Recall that S
is continuous and monotonically increasing. What else might plausibly be assumed
about the function S? If prices are low, the supply would likely increase slowly due to
fixed production costs and, perhaps, start-up costs. If prices are high, the supply would
again increase slowly due to capacity constraints. It is then reasonable to assume that
the graph of S is an S-shaped curve, akin to that sketched in FIGURE 3 but shifted to
the right. To that end, I will set

1
S(u):l—m, A > 0.

With these choices for D and S, equation (9) simplifies to

aw w 1

B T bixenmn (10

Ty = (1 —w)m, +
Note the similarities between equations (7) and (10); in particular, (10) has the
form m,,; = g(r,), where g is the sum of a linear function and the negation of an
S-shaped curve. It is natural to expect then that, as parameters are varied appropriately,
the asymptotic behavior of the size of queue A and that of the expected price of corn
would have much in common. This is indeed the case. Leaving the investigation of the
cobweb model to the reader (you might set w = b to simplify (10)), I will illustrate
this behavior via the queueing model.

Surprising model dynamics

Terminology Given A > 0O, consider the one-parameter family of maps

1

fo :R—=> R, fa(x)=x+a—m’

a € (0, 1). (11)

Iwill set A(x) = 1/(1 + e D) so that f,(x) = x +a — h(x). Given xo, let x| =
fo(x,), n = 0. Of interest is the long-term behavior of the sequence {x,}.

Letting f denote n-fold composition, note that x, = fJ(xy) (by convention,
fof’(xo) = Xx¢). The function f is called the nth iterate of f,, and the sequence {x,} is
the orbit of xy under f,. The task can then be rephrased as, “What can be said about
the behavior of orbits under f,?”

If f7(p) = p for some p, where n is the smallest such positive integer, then p is
called a periodic point of period n or, more simply, a period-n point. The orbit of p
is a periodic orbit of period n, or an n-cycle. A period-1 point is called a fixed point;
periodic orbits provide the simplest types of orbit behavior.

A periodic point p of period n is attracting if there is a neighborhood U of p such
that, for any x € U, f/"(x) — pas j — o0o. A proof of the fact that p is an attracting
period-n point if [(f) (p)| < 1 can be found in Devaney [6].

If p is an attracting fixed point, then there exists an interval of initial conditions
whose orbits are asymptotically trivial in that they simply converge to p (FIGURES
7(a), 8(a), 8(d)). Searching for fixed points is often the first step in the study of orbit
behavior in discrete dynamical systems.

PROPOSITION 2. Let f, be given as in (11).

(i) Foreach a € (0, 1), f, has a unique fixed point x = p,.
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(i) Ifr > 4, let oy = 0.5(1 — /1 —4/1) and let a; = 0.5(1 + /1 — 4/L). For each
o € (0,ay) U (ay, 1), f, has an attracting fixed point.
Proof. (i) Notethat f,(p) = p if and only if 2(p) = «. Itis easy to checkthat 4 is
continuous and strictly increasing, with lim,_, _, A(x) = 0 and lim,_, , A(x) = 1.
As a € (0, 1), the equation A(x) = « therefore has a unique solution, which we
denote p,.
(ii) If p, is the unique fixed point of f,, then

1 l—«
a=h(py) = ————, and e 2P = —~ (12)

1+ e—ZA(Pa—l) ’
Using (12) and simplifying a bit yields the result that f(p,) = 1 + 2A(a? — ).
Thus, | f,(pa)| < 1 is equivalent to —2 < 2A(a®> — @) < 0,0r —1/A < a? —a <
0.Now,a? —a < Ofora € (0,1) and, for A > 4,02 —a > —1/A precisely when
o <a)ora > o. ]

Proposition 2 implies that for A > 4 and « sufficiently close to O or 1, the queueing
system approaches a steady state over time. This means that the size of queue A (as
well as that of queue B) approaches a fixed volume, so that the amount of activities in
queue A is the same at the beginning of each time period. Put another way, order has
descended upon your daily schedule!

What can be said, however, for @ € [«;, a;]? Though the fixed point x = p, still
exists, it is no longer attracting for « in this range. Searching for period-n points is
problematic in that the equation f(x) = x is difficult to solve. I will thus first proceed
with a numerical investigation into orbit behavior.

Let us draw what is called an orbit diagram. Fix A > 4, and place ¢ € (0, 1) on
the horizontal axis. For each «, select x¢ and plot the asymptotic behavior of the orbit
of xo under f,. (For example, compute the first 2m elements in the orbit of x,, and
plot numbers m + 1 to 2m; in this article m = 100.) Via Proposition 2, the diagram
will both begin (a near 0) and end (« near 1) with a curve of attracting fixed points
Do This implies, in particular, that the orbit diagram for f, is very much different
from the well-known orbit diagram for the logistic family L;(x) = kx(1 — x) shown
in FIGURE 5. Indeed, for A = 5, the f,-orbit diagram is sketched in FIGURE 6.

[:2 k
Figure 5 The orbit diagram for Li(x) = kx(1 — x)

Evidently, for A = 5 the attracting fixed point for f, has given way to an attracting
2-cycle for a € (a1, az) = (0.27, 0.73). The size of queue A thus oscillates between
two values for these «. This is somewhat more interesting, but it remains a simple type
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1.5

—

yd

05 L
0 0.27 o 073 1

Figure 6 The orbit diagram for f, with A =5

of asymptotic behavior. Note, however, that the two values in the 2-cycle emerge from
the fixed point at or; = 0.27, spread apart as « increases, and coalesce back to the fixed
pointat o, = 0.73. These are examples of bifurcations in discrete dynamical systems,
which I will investigate before constructing orbit diagrams for other A-values.

Bifurcations The family f, appears to undergo a period-doubling bifurcation at @ =
«; and a period-halving bifurcation at @ = «,. Note that if the derivative at the fixed
point satisfies f/(p,) = —1 then, by the chain rule, (f2)'(ps) = fi(fa(Po)) fa(Pa) =
(f1(pe))? = 1. This implies that the graph of f(f(x) is tangent to the line y = x at
X = po. As the fixed point set for £2(x) corresponds to the intersection of the graphs
of y = f2(x) and y = x, a small change in o may then result in a change in the number
of fixed points of f2(x), that is, of period-2 points for £, (x).

To prove that this is in fact the case, I will rely on the following fundamental result
[9, section 3.4]. Property (I) in the theorem is a type of nondegeneracy condition, while
(ID) relates to the cubic termin the Taylor series expansion of f2(x) — x about the fixed
point and determines the stability and direction of the bifurcation of period-2 points.

THEOREM. Let f,, : R — R be a one-parameter family of mappings such that f,,
has a fixed point xo with 3f/0x = —1 at (x¢, o). Assume that

af 92 f 32 f
@ (a:ﬁ o

1 /32F\° 1 [dFf
an @ = (’2- (ng) +§(5;;)> #£ 0 at (xg, o).

Then thereis a smooth curve of fixed points of f,, passing through (xo, Wwo), the stability
of which changes at (xq, o). There is also a smooth curve y passing through (x, o)
so that y — {(xq, o)} is the union of period 2 orbits. The curve y has quadratic tan-
gency with the line R x {uo} at (xo, o).

) # 0 at (xo, o),

When the hypothesis of the theorem are satisfied, the family f,, is said to undergo
a period-doubling bifurcation at ( = po. Furthermore, if Q > O then the period-2
branches in the orbit diagram open to the right at © = o, and the corresponding 2-
cycles are attracting. The claim here is that the family f, given in (11) undergoes a
period-doubling bifurcation at &y = 0.5(1 — /1 — 4/X) for A > 4.
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To prove this, recall that £/ (p,) = 1 + 2A(a? — @). Asis easily checked,

af —a; = —1/A, (13)

$0 fy, (Pay) = —1 as desired.

As for hypothesis (1), clearly df/da = 1 and 9% f/9xda = O for any (x, «). Thus,
if 82f/3x* # 0 at (pg,, 1), (1) is satisfied. A direct computation shows that for any
(x, ), 32 f/3x? = 0 if and only if x = 1. Note that p,, = 1 implies «; = 1/2 by (12),
which in turn implies A = 4 by (13), a contradiction. Hence hypothesis (I) is satisfied.

A bit more elbow grease is required to check (II). Using the equalities in (12) and
equation (13), a lengthy computation gives 3% f/dx*> = 4A(2a; — 1) and 3° f/3x* =
—8A%(6af — 62y + 1) at (pg,, ;). The sum Q in condition (II) then simplifies to
%12(301,2 — 3« + 1), which is strictly positive for all values of «,. This completes
the proof of the following.

PROPOSITION 3. For A > 4, the family f, undergoes a period-doubling bifurca-

tion at oy = 0.5(1 — /1 —4/A).

Note that Q > 0 implies that the period-2 branches open to the right at « = «,, pre-
cisely as in FIGURE 6.

What can be said about the apparent period-halving bifurcation at « = «,? Fortu-
nately, extensive computation can be avoided in this case. Note the symmetry in the
orbit diagram (FIGURE 6) about the point (x, «) = (1, 0.5). This symmetry is indeed
present for f,, as you are invited to check that f,(x) = —f,_4,(2 — x) + 2 for any x.
This implies, in particular, that there is orbit symmetry as indicated by the following
lemma.

LEMMA. Givenx e R, € (0, 1), andn >0, f(x) + f' ,2—x) =2. (14)

Remark. If z is a limit point of the orbit of x; under f,, then by the lemma, 2 — z
is a limit point of the orbit of 2 — xy under f|_,. Hence, if xo = 1, reflecting the orbit
diagram for « € (0, 0.5] horizontally about the line « = 0.5 and vertically about the
line x = 1 will produce the orbit diagram for « € [0.5, 1). In particular, if f, has a
period-doubling bifurcation at «, then it must have a period-halving bifurcation at
1 — o) = ).

Proof of the lemma. The proof proceeds by induction. The n = 1 case follows
from the simple calculation already mentioned. Suppose (14) holds for some n > 1,
and let x € R. As f,(x) e R, fI(fo(x)) + fL,(2 — fo(x)) =2 holds by the in-
ductive hypothesis. By the base case, 2 — f,(x) = fi_¢(2 — x). Thus, f7(f.(x)) +

La(fia@ =) =2 0r 17 0) + [, 2 —x) =2. -

The logistic family L,(x) = kx(1 — x) undergoes a sequence of period-doubling
bifurcations (FIGURES 5 and 7). As the parameter k increases, an attracting fixed point
is followed by a 2-cycle, a 4-cycle, and so on. As can be seen in FIGURE 7 via graphical
analysis, the image of an x; near the critical point under L, increases with k. As L (x;)
gets nearer to 1, the shape of the graph implies that L; (xo) is brought back to the left
of X0.

Contrast this phenomenon with that illustrated in FIGURE 8. As « increases, for x
near the left critical point, f,(x() indeed increases with «. Due to the bimodal nature
of the graph of f,, however, faz(xo) need not be less than x, for « large enough. Rather
than approach a 4-cycle, the orbit of x; in the third graph in FIGURE 8 (o = 0.6) will
approach the attracting 2-cycle to which the right critical point also converges. In the
fourth graph (o = 0.75) the orbit of x, converges to the fixed point.
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(@) k =2.7 by k=32

X0 1 X0 1

(c)k =35 d) k =3.55

X0 1 X0 1

Figure 7 Period-doubling for the logistic family Li(x) = kx(1 — x)
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Figure 8 Period-doubling, period-halving for f, (x = 5)
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Chaos Does the size of queue A ever vary from either a fixed volume or a period-2
oscillation asymptotically? Provided A is large enough, the answer is a resounding yes.

Several f,-orbit diagrams are sketched in FIGURE 9 as A is increased. Recall that,
by symmetry, for each period-doubling bifurcation there is a corresponding period-
halving bifurcation. The apparent existence of a 4-cycle and an 8-cycle (seen in FIG-
URE 9(a)) would imply that both the second iterate f?2 and the fourth iterate f; have
undergone period-doubling bifurcations. Consequently, both f# and f? also undergo
period-halving bifurcations, so that f, moves from having an 8-cycle to a 4-cycle to a
2-cycle with increasing «.

(@i =7 byr=7.1
1.5 1.5
- I
X gttt = X & -
0.5 5
0 o 1 g 0 o 1
1PSh= — 155
X .
0.5 0.3

Figure 9 f,-orbit diagrams for increasing A

Interestingly, period-doubling bifurcations are also evident in FIGURE 9 for «
slightly larger than 0.5 which, by symmetry, imply the existence of period-halving
bifurcations for « slightly less than 0.5.

Orbit behavior becomes increasingly complex as A increases. For A sufficiently
large, the left part of the orbit diagram shows an infinite sequence of period-doubling
bifurcations, while an infinite sequence of period-halving bifurcations appears in the
right portion. In this case, what can be said for «-values nearer the middle?

Note the clear period-3 windows in FIGURE 9(d). It is a remarkable fact that the
mere existence of a 3-cycle for a continuous map g : I — I, I an interval, implies
extraordinarily complex orbit behavior. For example, it follows that g must have an
n-cycle for every integer n > 0. Moreover, there is an uncountably infinite subset S
of I containing points whose orbits are not asymptotically periodic and on which g
exhibits sensitive dependence on initial conditions [6, section 1.8]. These bounded,
nonperiodic orbits, displaying sensitivity to initial conditions, comprise what Li and
Yorke first called chaos in 1975 [11].

More technically, for (o, A) pairs for which f; has a 3-cycle as in FIGURE 9(d), the
Li—Yorke definition of chaos implies that:

(i) For each n > 0, there exists a period-n point.
(ii) There is an uncountable set S and an € > 0 such that
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(a) Foreveryx,y e S,x #y,

limsup| f2(x) = f2 (W] > € and liminf| £2(x) = £ ()] =0,

n—oo

(b) For every x € S and any periodic point y,

limsup | £2(x) — f2()] > 0.

n—oo

In these parameter ranges, f, thus has an infinite number of periodic points with
distinct periods. Property (ii)(a) implies that f, both stretches and folds the interval
under iteration, with the stretching accounting for the sensitive dependence on initial
conditions. Condition (ii)(b) implies that the orbit of any x € S does not converge to a
periodic orbit (such orbits are called aperiodic).

Strikingly different models in the limit I will briefly highlight one significant dif-
ference between the cobweb (10) and queueing (7) models, letting the reader place the
working out of most of the details in her or his queue. I will set w = b in (10) for this
discussion. Recall that, for u # 0, the function ¢, in (5) converges to ¢; (FIGURE 3)
as A — 0o, that is, as the steepness of the S-shaped curve grows without bound. For
the cobweb model this leads to consideration of the 2-parameter family

_ . ) =w)x +a, x <1
8= 8w R =R, g(x)_{(l—w)x+a—l, x =1,

w e (0, 1).
As g is piecewise linear, with 1 — w € (0, 1) so that each piece of g contracts, it is
reasonable to expect the asymptotic behavior of g-orbits to be trivial. One can show
this is indeed true fora — w > 1 or a — w < 0, as for these parameter values there
exists a point p = p(a, w) such that for any x € R, g"(x) > pasn — oo (p is a
fixed point unless a = w; this is most easily seen if you draw a few graphs and use
graphical analysis). Interestingly, for a — w € (0, 1) the story is quite different.
Leta—we (0,1)andlet ] =[a — w,a — w4+ 1). Then g : I — I, and for any
x € R there exists k > 0 with g*(x) € I (see FIGURE 10(a)). It suffices then to con-
sider orbits for x, € I. Note that the discontinuity allows for the possibility of recur-
rent or cyclic behavior as some points move first right and then left under iteration,
although g does contract on each linear piece. This type of function, called a contract-
ing interval exchange transformation, has only recently been studied [2]. It turns out

g(x) g(x)
y=x y=x
1.35
a-w+1} 1
1k
a-wl 0.35
| PR X X
a-w 1 a-w+1 0.35 1 1.35
(a) (b)

Figure 10 The function g(x) fora— w € (0, 1)
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that, if w is fixed, then for almost all a (with respect to Lebesgue measure), there is a
unique periodic orbit that attracts all other orbits [3]; a period-5 attractor is sketched
in FIGURE 10(b) fora = 0.65, w = 0.3.

Contrast this with the family

X+ a, x <1
f=/fa:R—>R, f(x):{x—i-a—], x> 1. O<a<l

(letting A — oo in (7)). Note that each linear piece of f neither contracts nor expands.
Letting J = [&, @ + 1), as above one can show f : J — J and all f-orbits land in
J. By identifying the endpoints of J, f can be viewed as a rotation by « on a circle
of circumference 1. This leads nicely into the theory of the dynamics of circle home-
omorphisms, an appropriate and rich topic for advanced undergraduates [13]. For the
map [ above, if « = p/q € Q, with p and g having no common factors, then every
orbit is periodic with period ¢. For « irrational, not only is there no periodic behavior,
but the closure of every orbit (the union of the orbit and its limit points) equals J. What
a lovely contrast to the dynamics of the map g witha — w € (0, 1)!

Discussion

There is no denying that these two simple models exhibit dynamical behavior that
belies their simplicity. Through introduction of one of these models into a modeling or
dynamical systems course, students can see classical dynamics topics such as periodic
and aperiodic behavior, bifurcations, chaos, and even the dynamics of piecewise linear
interval maps, all motivated by the real world. They will also be exposed to dynamical
similarities and differences between unimodal and bimodal maps.

To return to the modeling aspect, it is true that much of queueing theory concerns
probabilistic models, as opposed to deterministic models such as (7). However, de-
terministic queueing models are increasingly used to estimate the gross behavior of
queueing systems [7]. In these cases the arrival and/or departure process is treated as
a continuous fluid rather than a discrete time system flow. The queueing model in [7]
and investigated here is an example of a sampled fluid model for a simple dynamically
routed closed queueing network [4, 14].

The cobweb model is a fundamental model in economic dynamics. Though the
model originally focused on linear supply and demand functions, more recent atten-
tion has been given to monotonic but nonlinear supply and demand. It is not clear if
this very simple cobweb model is capable of realistically explaining the price fluctu-
ations in an independent market [10]. Given the limited types of behavior exhibited
by the cobweb model with linear supply and demand, the nonlinear version does ex-
hibit vastly many more types of asymptotic behavior. This indicates that the nonlinear
cobweb model has more potential for application; indeed, refinement of this model
continues [8].

If you are interested in a discrete-time model that evolves into iteration of a nonuni-
modal map, either for your own investigations or for use in the classroom, one yielding
rich dynamical behavior, this exemplary model will serve you well.
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Proof Without Words:
Surprising Property of Hyperbolas

For each member of the family of hyperbolas with the same pair of vertices, every
circle tangent to both branches intersects each asymptote along a chord of constant
length, regardless of the location of the circle and the angle between the asymptotes.
This constant length is the distance between vertices.

—ToM M. APOSTOL AND MAMIKON A. MNATSAKANIAN
Project Mathematics!
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Introduction

Imagine a survey in which 110 people were given a set {A, B, C, D, E} of five items,
and were asked to vote for their two favorite items from the set. The data has been
presented to you as vector f € R'® where

2 AB

12 AC

11 AD

6 AE

17 BC
f=1s BD
4 BE

24 CD

20 CE

6| DE

with the numbers corresponding to the votes for the unordered pairs on the right. For
example, two people voted for items A and B, while 24 people voted for items C
and D.

A relatively new starting point for analyzing this sort of data is (generalized) spec-
tral analysis. This is a nonmodel-based approach to the exploratory analysis of data
associated with sets, like the set of unordered pairs above, that have a fair amount of
symmetry. It was initially pioneered by Diaconis in [1, 2]. See also [4].

Should you decide that spectral analysis is worth looking into (as we hope to con-
vince you), then you will be happy to know that there are efficient algorithms for doing
spectral analysis [5, 6, 7]. Perhaps more interestingly, at least from a mathematical per-
spective, these algorithms involve an intriguing mixture of ideas and techniques from
linear algebra, abstract algebra, numerical analysis, and graph theory.

The focus of this paper is the linear algebraic framework in which the spectral
analysis of voting data like that above is carried out. As we will show, this framework
can be used to pinpoint voting coalitions in small voting bodies like the United States
Supreme Court. Our goal is to show how simple ideas from linear algebra can come
together to say something interesting about voting. And what could be more simple
than where our story begins—with counting.
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From counting to orthogonal subspaces

There are 110 people involved in the survey above. The sum of the entries in the
vector f is therefore 110, so the average number of votes given to each of the ten pairs
of items is simply 110/10 = 11. In the long run, this information may or may not be
useful, but it seems like a reasonable place to start. After all, if each of the entries in
f had been near the average, we could summarize the data by saying that each pair
seems just as likely to have been chosen.

After computing the average, our next step might be to compute the number of times
an individual item, such as A or C, was chosen. This would help us to see if there was
an item that was particularly popular or unpopular, regardless of with which item it
was paired. Since we would want to do this for each item, we could use a matrix for
this calculation:

27 AB

12| ac
1111000000161’22 317 A
tooo 11 1oo0oflS 45 (3] B
o100t 001 1ol E-Inlc )
001001010 1|ls|20 Jalop
000100101 )2 (3] E

20| CE

6 | DE

This matrix-vector product shows, for example, that A was chosen2 + 124+ 11 46 =
31 times, while C was chosen 12 + 17 + 24 + 20 = 73 times. For reference, we will
refer tothe 5 x 10 matrix used in (1) as 7). In other words,

1 111000 O0O0O
1 0001 1 10O0O0
=/01 0 01 0011 O
001O0O0T1TO0T1OQO01
00 01O0O0T1TO0T1'1

But why stop with one matrix? For example, the average could have been computed
using the matrix

=+ +r +r +r +r 1 1 1 1 1
TO_[]O 10 10 10 10 10 10 10 10 10]

since the product of 7y and our data vector is precisely the sum of the entries in the
vector divided by 10. In fact, we could even construct the matrix 7, that computes
the number of times that each pair was chosen. Of course, this turns out to just be the
10 x 10 identity matrix since the data was originally defined in terms of pairs of items.
Nonetheless, the matrices Ty, T, and T, seem to be just the ticket when it comes to
counting. But wait, there’s more!

If we define N; to be the nullspace of T;, then we get the chain

N()DN] DNz.

By definition, however, all of the nonzero counting information is actually contained
in the orthogonal complements of the N;, which are also the row spaces of the 7;. This
leads to the “complementary” chain

Ny C Ni* C N5
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This chain of subspaces makes sense. After all, if we know how many times every pair
was chosen, we can figure out the number times each individual item was chosen. This
information can then be used to compute the average.

We will refer to the 1-dimensional subspace Ng- as the mean effects space; it con-
tains all of the information needed to compute the average. The 5-dimensional sub-
space Nj- is the first order effects space; it contains all of the information needed to
compute the number of times a particular item was chosen. Lastly, the 10-dimensional
subspace N5 is the second order effects space; it is simply the original vector space
containing all of the information associated with pairs of items.

Given the chain Ng- C N{* C Nj" of subspaces, we could next ask about the effect
that each subspace has on our data vector f. For example, we could compute the parts
of f that are contained in Ng-, Ni, and N;-. Because these subspaces form a chain,
however, it is more instructive to compute the parts of f that are introduced as we
move up the chain, i.e., to compute what we need to build the vector f as we move
from Ng- to N;* to N5-. This gives rise to an orthogonal decomposition

ROY=My® M &M,

of the original vector space, where Nj- = My, Ni* = My @ M;,and N> = My & M, &
M,;. The vector f can therefore be written uniquely as a sum f = f; + f| + f> where
f; € M;. For our example, we have

27 C117 [ 263 - _1/37 AB

12 T 16/3 133 | Ac

1 11 —8/3 8/3 | AD

6 11 —7 > | AE

17 11 16/3 2/3 BC
f=1g| =1l "= g3 | 2=| _i53 BD
4 1 —7 0| BE

24 1 34/3 5/3 | D

20 1 7 > | cE

6 11| -1 | 4| DpE

The 1-dimensional space M, is still just the mean effects space. The 4-dimensional
subspace M, however, can be thought of as the space of pure first order effects, since
we have removed the mean effects contained in Ng-. Likewise, the 5-dimensional sub-
space M, can be thought of as the space of pure second order effects, since we have
removed the mean and first order effects from N;-.

Now that we have isolated fy, f), and f>, the next step might be to explore more
deeply the way in which these vectors contribute to the data vector f. We could begin
by comparing the squared norms of the f;. One reason for doing this lies in the fact
that, since the M; are orthogonal to each other, we know that

HAIP = 1Ll + AP+ LA

By comparing the squared norms, we can therefore get a sense for where the data is
concentrated. In our case, || fol|> = 1210, || fi||* &~ 422.67, and || f>||> ~ 53.33. Now
the norm of f; captures nothing more than the number of people voting. The relatively
large size of f) in comparison to f,, however, suggests that the first order effects are
contributing heavily to this data.

Before we attempt to pinpoint which item or items from the set {A, B, C, D, E}
might actually be contributing to f, notice that even though dim M, = 4, there are
five natural effects to consider, namely the individual effects of each of the five items.
In other words, there are too many items to just find a basis vector in M, for each and to



VOL. 79, NO. 5, DECEMBER 2006 343

then write f) in terms of that basis. As noted in [1], however, there is a straightforward
way around this that makes use of inner products.

For each item x, consider the function g, which is defined on the unordered pairs of
items, and whose value at a pair is 1 if x is in the pair, and O otherwise. These functions
correspond to the rows of 7. We can project each of these functions into M/, normalize
the projection, and then compute their inner products with a normalized version of the
projection f. The resulting numbers, all of which are between —1 and 1, measure
how much the directions of f; and the components of the g, in M, agree. For our data
vector f, this approach leads to the numbers

A B C D E
—0.41 | —0.41 | 091 | 0.16 | —0.25

which suggest that the respondents in the survey really liked item C but were slightly
averse to choosing items A and B. Indeed, a quick glance back at the original data
confirms this.

We could also compute similar inner products for the pure second order effects.
Here the natural functions to consider correspond to the original pairs and the rows of
T,, with a 1 in just one position and zeros elsewhere. The resulting numbers

AB AC AD | AE | BC BD BE | CD | CE DE
—0.06 | —0.84 | 0.52 | 0.39 | 0.13 | —0.06 | 0.00 | 0.32 | 0.39 | —0.77

suggest, for example, that the 12 votes for the pair {A, C} are due mostly to C’s popu-
larity, not the popularity of the pair.

Now for such a small data set, it may seem as though we went to a lot of trouble
to end up only saying that “people seem to really like item C.” In fact, you may have
already come to that conclusion when you first saw the data, or after you saw how
many people chose a pair containing C. The point we want to make is that this approach
applies to any survey in which people are asked to choose their top k items from a list
of size n. In fact, if we assume that 0 < k < n/2 (we will ask them to choose their
least favorites if we must), then we get an orthogonal decomposition

M=My®&M &---&M_, &M,

where M is the underlying (Z)-dimensional vector space of real-valued functions de-
fined on the k-element subsets of an n-element set. The subspace M; captures the pure
ith order effects of the voting data. The projections of a data vector f € M into each
of the M; can be computed with the hope of uncovering hidden large-scale structure.
Subsequent inner product calculations can then lead to the uncovering of hidden small-
scale structure.

As we will see in the next section, this simple approach to untangling survey data
can also be applied to voting data that arises when committees vote “yea’ or “nay” on
several issues. The trick, perhaps to the delight of committee members everywhere, is
to let the issues do all of the voting!

From surveys to the Supreme Court

When the members of a committee are asked to vote “yea” or “nay” on an issue, and
none of the members abstain from the vote, the result is a splitting of the committee
into two groups—the winners (or majority) and the losers (or minority). Once we know
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either group, we automatically know the other, so for convenience, we will focus on
the minority members for each issue.

Now although the committee members are really doing all of the voting, we can
turn the tables by pretending as though the issues are actually voting on the subset of
members that it wants to make up the minority when it comes before the committee.
In this way, we can use the issues and their “votes” to try to pinpoint coalitions in
the committee. Moreover, to analyze the resulting data, we separate it into different
functions, one for each of the possible number of members in the minority. We then
analyze each of the functions using the techniques described in the earlier sections.
(See [3] for more details.)

As a proof of concept, consider the well-studied nine member “committee” of jus-
tices on the United States Supreme Court, say from 1994 to 1998. For each case (issue)
in which there are no abstentions, there can be zero, one, two, three, or four justices that
form the minority. We limit our analysis to non-unanimous cases, and for the Supreme
Court buffs out there, we have also limited our analysis to the cases in which a signed
opinion was issued. Our data comes from the database maintained by Spaeth [8], and
the results of our analysis are summarized in Table 1.

TABLE 1: Rehnquist Court 1994-1998, 192 non-unanimous cases

split | subspace | norm? | four largest (using absolute value) inner products }
’ 8-1 M, | 703 l St .996 | Br —.165|Gi —.165 | Sc —.I25J
7-2 M; 183 | ThSc 732 | StGi 476 | StBr .354 | StSc —.330
7-2 M, 59 |[st 695 | 0° —.452 | So —.348 | Ke —.348
6-3 M; 72 | ReThSc .647 | 0°ThSc 345 | BrThSc —.321 | ReD’Sc —.290
6-3 M> 105 | ThSc 626 | StGi 345 | GiTh —.309 | ReTh 237
6-3 M, 16 | Th .656 | Sc .540 [ Ke —.501 | Br —.270
54 My 316 | StGiBrSo .954 | KeReThSc .344 | 0°’ReThSc 341 | StBrSoSc —.269
54 M3 199 | StBrSo 379 | StGiSo .368 | GiBrSo 293 | StGiBr 293
54 M; 360 | StSo 315 | StBr 301 | ThSc 282 | StGi 265
5-4 M, 22 | Ke —.646 | So 418 | 0° —.380 | Gi .380

St Stevens Gi Ginsburg Br Breyer So Souter Ke Kennedy
0’ O’Connor Re Rehnquist Th Thomas Sc Scalia

As we will see, after looking at the results in the table, it is easy to go back and
find the information that supports it. We want to stress, however, that finding the most
important coalitions in a committee would be labor intensive and unsystematic with-
out something like spectral analysis. This would be especially true if you were starting
with raw data and knew essentially nothing about the committee members. Moreover,
as described in [5, 6], by using a combination of ideas and techniques from introduc-
tory courses in linear algebra, abstract algebra, numerical analysis, and graph theory,
the results presented in Table 1 can be computed very efficiently.

Cases with 8-1 splits There were 37 cases which split 8—1. The lone dissenter was
Stevens 29 times, Thomas wrote 3 such dissents, neither Ginsburg nor Breyer ever
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dissented on their own, and the remaining five justices each wrote one lone dissent.
Not surprisingly, the first line of the table show that the 8—1 data points strongly in the
direction of Stevens dissenting.

Cases with 7-2 splits There are first and second order effects for the cases which
split 7-2. In this case, the squared norm of the projection onto M, is 183, while the
squared norm of the projection onto M, is 59. This portion of the data is therefore
dominated by the pure second order effect.

The pure second order effect points in the direction of Thomas-Scalia dissenting,
but also has noticeable components in the Stevens-Ginsburg and Stevens-Breyer di-
rections. The pure first order effect, although not as strong as the pure second order
effect, points in the direction of Stevens dissenting.

In this portion of the data, there are 48 cases with 7-2 splits, where 11 of them
are Thomas-Scalia, 9 are Stevens-Ginsburg, and 8 are Stevens-Breyer dissenting. Of
the 48 cases with pairs dissenting, Stevens is a dissenter in 24 of them. In addition to
Ginsburg and Breyer, Stevens dissents with Souter, Kennedy, and Thomas.

Cases with 6-3 splits For the 6-3 cases, the second order effect is the largest with
a squared norm of 105. The largest inner product for the pure second order effects
corresponds to Thomas-Scalia dissenting. Moreover, the other projections for the 6-3
cases also point in this general direction.

The largest pure first order effect is Thomas dissenting, and the next largest is Scalia
dissenting. The two largest third order effects are Thomas-Scalia dissenting joined first
by Rehnquist, and then by O’Connor. The negative sign on the Breyer-Thomas-Scalia
triple suggests that these three justices seldom dissent together in a 63 split.

Again, when we examine the data we find that this is a good summary. Of the 44
cases with a 6-3 split, Thomas and Scalia join together in dissent in 22 of them. They
are joined ten times by Rehnquist, seven times by O’Connor, three times by Kennedy,
and once each by Souter and Stevens.

Cases with 5-4 splits The pure second order effect is the largest for the 54 cases
with a squared norm of 360. The five largest inner products for the pure second order
effect are relatively close to each other. They correspond to “liberal” dissents (Stevens-
Souter, Stevens-Breyer, and Stevens-Ginsburg) and “conservative” dissents (Thomas-
Scalia and Rehnquist-Scalia, the latter of which is not in the table).

The pure fourth order effect is the next largest with a squared norm of 316. The
pure fourth order effect is in the “liberal” dissenting direction (Stevens-Ginsberg-
Breyer-Souter) with smaller components in the “conservative” dissenting directions
(Rehnquist-Thomas-Scalia-Kennedy and Rehnquist-Thomas-Scalia-O’Connor). This
seems to fit the data well. For the 63 cases with 5—4 splits, 28 cases are dissents by
Stevens-Ginsberg-Breyer-Souter, eight are Rehnquist-Thomas-Scalia-O’Connor, and
seven are Rehnquist-Thomas-Scalia-Kennedy.

Now although the pure first order effects are the smallest, they have an interest-
ing interpretation. The “swing” voter Kennedy has a large significant negative value
(—.646) suggesting that he rarely ends up in the minority in 5-4 splits, which is what
would be expected of swing voters. The case for O’Connor, while smaller, is similar.

Conclusion

Spectral analysis is a powerful tool for doing exploratory data analysis, and given that
efficient algorithms for doing this type of analysis exist [S, 6, 7], political scientists,
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Credit: Collection, The Supreme Court Historical Society.

economists, and market research analysts seem to have every incentive to include it in
their arsenal. As we noted in the introduction, spectral analysis was initially pioneered
by Diaconis in [1, 2]. The interested reader is strongly encouraged to delve into these
sources, both of which are teeming with tantalizing open questions and deep ideas.
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Young Brian Snavely has a train set with many kinds of track: straight pieces, curves,
bridges, tunnels, X-pieces (to make figure-8s), and switches. Brian likes them all, but it
was the switches that led us to an interesting mathematical problem. Switches are the
structures that allow Engineer Brian to choose between two (or more) paths to guide
the train along. Without switches, you either make a circuit or a one-way path; when
switches are included, potential layouts become fascinatingly complex. In this paper,
we will study tours on a layout that start at a point on the layout and move in only one
direction.

A variety of types of switches are available for purchase, as shown in FIGURE 1.
We found 2-way switches, 3-way switches, and 5-way switches. For our study, we use
n-way switches where n € N, as we can manufacture an n-way switch by attaching
switches together. In FIGURE 1, we demonstrate how to make a 6-way switch out of a
3-way switch and three 2-way switches.

rey
2T

Figure 1 Different Types of Switches

Our question is this: How many different layouts can be made from a track set that
has exactly one n-way and one m-way switch? There are actually two different, but
reasonable, interpretations of the word different, one combinatorial, the other more
topological. We consider them both and deliver some answers, using such tools as
two-term recurrences, directed graphs, and eigenvalues of incidence matrices. We only
present a few of the proofs completely, assuming that the interested reader will be able
to work through any details we omit.
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Train track terminology

Before we delve into the study of track layouts, we introduce terminology to describe
some basic structures. First, we call every point on a piece of track to which other
pieces can be attached a node. A standard piece of track has two nodes, one at each
end. An n-way switch is a piece of track with n 4+ 1 nodes that can be separated into
two sets: the n options and one bottom. The bottom is the unique node on the switch
with the property that, if we enter the switch through the bottom, we exit the switch
through one of the n options. The options are the nodes with the property that if we
enter the switch through an option, we exit the switch through the bottom. The most
important aspect of a switch is that if a train enters the switch through an option, it
must leave through the bottom, thus limiting the paths a train can traverse. A length of
track is a part of the layout that attaches one node on a switch to a node on another
(not necessarily different) switch.

A layout is a collection of switches with track connected to the nodes on the
switches. A layout is connected if an engine driving on the layout can travel (moving
forward or backward) from any point on the layout to any other point on the layout.

Dead ends, or sidings, on a layout are not interesting, so we will consider layouts
with as few sidings as possible. If we use exactly two n-way switches, the total number
of nodes in the layout will be even and there will be no sidings. However, if the total
number of nodes is odd, there will be one node that we cannot attach to any other node,
and thus we are left with a siding.

Figure 2 Switch representations

A layout diagram is a sketch of a setup using arrows to represent lengths of track,
with switches represented as follows: We draw an n-way switch as a fork with 7 tines,
always showing the bottom pointing downward. FIGURE 2 shows representations of
2-way, 3-way, and 5-way switches. Notice again that if a train enters a switch through
one of the options, it must exit the switch through the bottom. We label each length
of track, and give each an arbitrary orientation. If a length of track is labeled p, then
traveling along that segment of track in the direction of the arrow is denoted p, while
P denotes traveling in the opposite direction. FIGURE 3 shows two layouts and their
corresponding layout diagrams. The reader may wish to imagine some tours on each
layout.

To create a layout diagram, we begin with a given number of switches and con-
nect every node to another node in the layout. This results in a variety of types of
connections, which we name according to their function or appearance, as shown in
FIGURE 4.

* A connection from one option on a given switch to another option on that same
switch will be called a rurnaround.

* A connection from one option on a given switch to an option on a different switch
will be called a bridge.

* A connection from an option on a given switch to the bottom of the same switch will
be called an ear.
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Figure 3 Layouts with their layout diagrams (2 bridges and a link; 1 bridge and 2 ears)

* A connection from the bottom of a given switch to an option on a different switch
will be called a snake.

* A connection from the bottom of a given switch to the bottom of a different switch
will be called a link.

YYRYG

turnaround

AR

Figure 4 Layout connections

Tour digraphs and matrices Using a layout diagram as a reference, we construct a
digraph (directed graph) to represent the structure of the layout, and from that construct
an adjacency matrix. We call the digraph the tour digraph for a layout, and we call the
adjacency matrix the rour matrix.

To construct the digraph, let each vertex represent a length of track traversed in a
specific direction. If p is a length of track on a layout diagram, p generates two vertices
in the tour digraph: one for p and another for p. We connect two vertices v; and v,
with a directed edge if one can drive from track segment v; to track segment v, through
a switch. The tour digraphs for the layouts in FIGURE 3 are shown in FIGURE 5.

These two examples seem to indicate that the tour digraphs are always discon-
nected. This is not the case. FIGURE 6 demonstrates that if a layout allows us to turn
around, the digraph is connected.
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The digraph for the lower layout
Figure 5 The digraphs for the layouts in FIGURE 3
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Figure 6 A layout with a connected digraph
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From the digraph, we construct the tour matrix M by letting

M — 1 if there is an edge in the tour digraph from v; to v;, and
o 0 otherwise.

For clarity, we include the vertex labels on the left side of the matrix. The tour matrices
for the upper and lower layouts in FIGURE 3 are

a/0 000 10 a/1 00000
alo o0 o0 01 alo 1001 0
blo 000 1 0 blo o1 00 0

Mi=310 0000 1| @ M=310 001 0 1
el1 01000 clo o1 000
c\ 010100 s\1 00000

respectively.

Counting the layouts

How many different layouts exist if we use two 2-way switches? That depends on what
we mean by different. There are [(n + m + 2)/27 lengths of track in a two-switch
layout containing an n-way switch and an m-way switch, where [x] is the ceiling
function. Indeed, there are n + m + 2 nodes, and each length of track is connected
to two of them, unless n + m + 2 is odd. In that case, there will be one node left
over and we have a siding connected to only one node. This implies that if we have
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a layout with an n-way switch and an m-way switch, the tour digraph will have v =
2[(n + m + 2)/2] vertices, and the tour matrix will be have v rows and v columns.

As an example, let us count the total number of ways to construct a layout using
two 2-way switches. The layout contains three lengths of track connected to six nodes.
There are (§) = 15 ways to connect the first piece of track to nodes. Similarly, there
are (;) = 2 ways to connect the second piece of track to nodes, and only one way
to connect the last piece. Because the first two pieces of track are placed in order, we
divide by 2 to learn that there are 15 distinct layouts. However, many of these are in
fact equivalent in some sense. FIGURE 7 shows two layouts where only the roles of the
nodes and some orientations are reversed. Note that arrows in the layout may intersect,
because we have overpasses to allow such crossings.

Y

NS

Figure 7 Two equivalent layouts

o AN
N

The constructions developed earlier will aid us in defining one notion of equivalent
layouts. Recall from graph theory [3, page 7] that two digraphs G, and G, are iso-
morphic if there is a one-to-one correspondence f between the vertices of G and the
vertices of G,, such that there is an edge in G| from v; to v, if and only if there is an
edge in G, from f(v)) to f(vy). In essence, this means that the graphs are identical
except for the placement and labeling of the vertices and edges. We use this concept to
develop one definition of equivalent layouts.

DEFINITION. Two layouts are tour equivalent if their corresponding tour digraphs
are isomorphic.

Using an exhaustive search, we found that there are 5 distinct layouts using two 2-
way switches. We have already seen three of them in FIGURES 3 and 6. The remaining
two are shown in FIGURE 8.

7Y

Figure 8 The remaining layouts using two 2-way switches

How many distinct layouts can we construct using two 3-way switches? For conve-
nience, we let L(n, m) represent the number of distinct layouts we can construct using
an n-way switch and an m-way switch. We already know that L(2, 2) = 5.
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Consider a layout using two three-way switches. If there is at least one bridge, re-
move one of the bridges to obtain a layout with two 2-way switches. Thus, the layouts
using two 3-way switches that have at least one bridge are in one-to-one correspon-
dence with the layouts using two 2-way switches. Therefore,

L(3,3) = L(2,2) + (the number of 3-way switch layouts with no bridges).

How many layouts using two 3-way switches have no bridges? Suppose that a lay-
out has a link. Both bottom nodes are used, leaving three unused nodes on each switch,
necessitating at least one bridge. If we have exactly one ear in the layout, one bottom
node is unused and we must also have a snake in the layout. Once again, we are left
with an odd number of unused nodes on each switch, leading to a bridge. A similar ar-
gument demonstrates that we cannot have exactly one snake. Thus, to have no bridges
in the layout, we must have either two snakes or two ears, and there are only two such
layouts. These are shown in FIGURE 9. Notice that the layout with two ears is not
connected, and that we do allow this. In general, if n is any odd number, there are two
layouts using two n-way switches with no bridges: one has two ears, and the other has

Figure 9 The layouts using two 3-way switches having no bridges

Moving on to layouts with two n-way switches where n is even, an argument similar
to the above shows that we need to determine the number of layouts using two n-way
switches with no bridges. Again there are only two. This time, one has an ear and a
snake, and the other has a link and the rest of the nodes connected by turnarounds.

We have learned that in all cases,

Ln+1,n+1)=Ln,n +2.

We already know that L(2, 2) = 5, so a straightforward argument shows that L (n, n) =
2n + 1. We have verified the first part of the following theorem.

THEOREM. Let L(n, m) be the number of distinct track layouts using an n-way
switch and an m-way switch withn > m > 2. Then
2m+ 1 ifn =m;
2m+2 ifn—m > 0and n — m is even;

>

6m+4 ifn—m > 1andn — mis odd;
6m+3 ifn—m=1

L(n,m) =

Rather than proving this theorem in detail, we will describe the ideas behind the
proof. If n — m is even, only one layout does not have at least (n — m)/2 turnarounds
on the n-way switch. This layout has all nodes on the m-way switch connected to op-
tions on the n-way switch, an ear on the n-way switch, and (n — m) /2 — 1 turnarounds
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on the n-way switch. In all other layouts, counting the number of options on the n-way
switch reveals that we must have at least (n — m)/2 turnarounds on that switch. Re-
moving those turnarounds from the n-way switch leaves a layout using two m-way
switches, so these layouts match up in one-to-one correspondence with the layouts us-
ing two m-way switches, of which there are 2m + 1. Thus, there are of 2m + 2 layouts
using an n-way switch and an m-way switch if n — m is even.

Why are there so many more layouts if n — m is odd? The answer is sidings. We
claim that, if m > 2,

Ln,m)=Ln—1,m)+L(n,m—1)+ Lg(n,m) (1)

where L g(n, m) is the number of layouts using an n-way switch and an m-way switch
thathave a siding on the bottom of one of the switches. The first two terms in the sum
in (1) correspond to layouts having the siding on an option of the n-way switch and
the m-way switch respectively. We leave it to the reader to verify that Lz (3, 2) = 6,
and then show thatif n —m > 1 is odd,

Lg(n,m)=Lg(m+1,m)=Lg(m,m— 1)+ 2.

From this we learn that L z(n, m) = 2m + 2.
Thus

Lin,m)=2m+2)+2m~+ Q2m~+2) = 6m+4

ifn —1%# m > 2, and one fewer if n — 1 = m.

The case where n — m > 1 is odd and m = 2 is unique and must be handled sepa-
rately. In the previous cases, removing a siding led to a layout already counted. When
one option on the two-way switch is a siding, this does not happen. There are four lay-
outs in this situation, and examples of these for n = 5 can be found in the fourth and
fifth rows of FIGURE 10. Because we use the orientation of a track segment primarily
to produce the tour digraph and matrix, arrows are omitted from these layout diagrams.

Using this fact, we compute

Ln,2)=L(n—1,2)+4+Lz(n,2) =6+4+6=16

if n # 3 and one fewer if n = 3. The 16 layouts using a 5-way switch and a 2-way
switch are shown in FIGURE 10. Except for a few details, we have proved our theorem.

The tour matrix

Let us now turn our attention to the tour matrix for layouts with an n-way switch and
an m-way switch, assuming no sidings on the layout. In particular, we will determine
the eigenvalues of the tour matrix. The reason we do not consider layouts with sidings
is that sidings tend to introduce dead ends (which produce zero eigenvalues) and they
do not add interest to the layout.

This analysis can exclude a matrix from the set of possible tour matrices. If the
eigenvalues of the matrix do not fit one of the forms described below, that matrix can-
not be the transition matrix for a train track layout. In addition, the specific eigenvalues
present give us insights into the structure of the layout. For instance, an eigenvalue of [
indicates the presence of a length of track that a train can traverse twice consecutively.
The presence of —1 as an eigenvalue signifies a two-cycle in the layout: two lengths
of track that together make a cycle and can be traversed indefinitely.
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Figure 10 The 16 layouts using a 5-way switch and a 2-way switch

In this part of our study, the layouts with exactly two switches fall into four cate-
gories: layouts with one ear and one snake, layouts with two ears, layouts with two
snakes, and layouts with a link. These categories are disjoint, and every two-switch
layout falls into one of them.

A summary of our results is presented in TABLE 1. When a link is present, the
eigenvalues depend on the number of bridges, r, and the number of turnarounds on
each switch, 7, and #,. Note that in the last line of the chart, r + 1, + 1, = [(n +m)/2];
where | x] is the standard floor function, and that r, ¢, and #, may be zero.

TABLE 1: The eigenvalues of the tour matrix

Characteristic Nonzero
Structure Polynomial Eigenvalues
one ear, one snake A= 1)2 1,1
two ears antm=2y — 1)4 1,1,1,1
two snakes ATEM=Z(0— 1)2(0 4 1)? 1,1, -1, -1
one link, r bridges, ¢, r—2Jub,
—r—2/ht,
turnafotﬁnds on one A28 Z 232 4 (2 — dny1)] 12
switch, , turn- r +2m’
arounds on the other
r+2/Ht;

The computations necessary to obtain these results can be somewhat tedious, so let
us analyze some specific layouts to illustrate the techniques and leave the generaliza-



VOL. 79, NO. 5, DECEMBER 2006 355

tions to interested readers. The idea in the first few cases is to attain a simple form in
the tour matrix by ordering vertices as we might encounter them on a tour.
Consider a layout with one ear, like the layout in FIGURE 11.

@

b a

Figure 11 A layout with one ear

We order the vertices in the tour matrix by putting a in the first position, then b and
C, then d and d, then b, c, and finally a. With the vertices in this order, the tour matrix
is

—

Qo OISR

—

—_—_—_ 0 OO0 oo

[eNeNeoloNeNe e
[eNeNeoNeNeNeNe
[eNeNoNeNeNoNol S
S oo oCcoOoO—~O
S OO OO =~
S OO~ —~ = OO
oo ocooOo—~O

and M has one eigenvalue 1 with multiplicity 2, and the other eigenvalue 0 with mul-
tiplicity 6. A similar technique can be used to verify the result for a layout having two

@

Figure 12 A layout with two snakes

To find the eigenvalues of the tour matrix for a layout with two snakes (FIGURE 12
shows an example), we order the vertices as we see them on a tour that begins with a
snake.

a0 11100 0 0
b1 0001 100
cloooooo1o0

y_dlo 0000010
=zlo o000 0 01
dlo 0000 0 0 1
5lo 0000001
a\0 000001 0)
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In this form, the eigenvalues can be computed immediately: 1 appears with multiplicity
2, as does —1, and all remaining eigenvalues are 0.

QWAL

a

Figure 13 A layout with a link

As the formula suggests, links complicate the analysis considerably. Consider the
layout in FIGURE 13. We begin ordering the vertices by placing b, b, @, and @ in the
first four positions. Then we list the rest of the vertices in no particular order. Putting
the remaining vertices in tour order is not necessary. This yields the tour matrix

b/ 01 0 00O0O0O0O0
b0 0 01 0000 0O
alt 0 00110000
alo 1.0 00 01 1 11

y_Ccl000 1000000
~¢lo 001 00 0O0O0O
dlo 01 00 00 O0O0TO
40 01 00 00 00O
elO O 1. 0000000
z\0 01 00 0O0OO0OO

Focus on the entries shown in bold. To find the eigenvalues of M, we will use row
and column operations to eliminate the 1s to the right of this block. We conjugate by
shear matrices (matrices with 1s on the diagonal and Os elsewhere, except for a single
1 off the diagonal), which subtracts one row from another, then adds corresponding
columns. Performing this demonstrates that M is similar (actually similar over the
integers) to the matrix

0 012000000
0 041000°O0O0O0
1 0 000 00 OOGO
0100 0O0O0O0O0OTPO0
0001 O0O0O0OO0OOO
0001 O0O0O0O0OO0OO®O0
00100 O0O0OO0OO0OTPO
001 0O0O0O0OO0OO0OTO
001 00O0OOOO0OO
001 0O0O0OOOO0OO

which has +v/1 + 24/2 and v/ 1 — 2+/2 as its eigenvalues.

In a more general setting, the vertices representing the link and one of the bridges
are listed first. If there are no bridges, choose one turnaround (one direction only) from
each switch. The rest of the vertices are then listed in any order. If we have r bridges
in the layout, ¢, turnarounds on one switch, and #, turnarounds on the other, then the
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tour matrix is similar to a matrix withthe 4 x 4 block

0 0 r 2f]
0 0 2 r
1 0 O 0
01 O 0

in the upper left corner and Os in all columns beyond the fourth. This matrix has the
eigenvalues claimed in TABLE 1.

A topological approach

One of us noticed that some layouts that were not tour equivalent seemed very much
the same. For example, consider the lower layout in FIGURE 3 and the layout on the
left in FIGURE 8. In both cases, if we choose a point on the layout and start driving
an engine on the track, either we are stuck in a cycle we cannot exit, or we travel a
cycle we can exit until we exit it, at which point we find ourselves stuck in a cycle we
cannot exit. Topologically, these layouts have have similar properties, and resemble in
nature the layout using one 3-way switch shown in FIGURE 14. Because we are not
generating digraphs or matrices in this analysis, we do not need to give each segment
of track an orientation.

—

Figure 14 A layout using one 3-way switch

Are there operations that can determine equivalence in this sense? Are there other
layouts that are equivalent to these? To answer such questions, we define five opera-
tions on track diagrams.

Contracting sidings: If there is a siding on a layout, remove it. Sidings do not add
any cycles to a layout.

Rearranging options: We may permute the connections to the options on a switch.
All options are essentially equivalent.

Contracting snakes: At the beginning of this paper, we described how to manufac-
ture a 6-way switch from a 3-way switch and three 2-way switches. If we have a snake
from the bottom of an n-way switch to an option on an m-way switch, we can re-
move that length of track and attach the n-way switch to the m-way switch, making
one (m + n — 1)-way switch. This transforms the layout from a two-switch layout to
a one-switch layout.

Identifying ears: If two switches (an n-way and an m-way) both have ears, they are
joined only by bridges (perhaps zero bridges if the layout is not connected) and no
link. We can fold the layout diagram over, placing one switch on top of the other.
Each existing turnaround from either switch remains on the new combined switch.
Each bridge becomes a turnaround. This also transforms the layout from a two-switch
layout to a one-switch layout.
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Eliminating redundant turnarounds: The discussion of the eigenvalues of the tour
matrix indicates that turnarounds only add to the complexity of the layout if there is a
link. Otherwise, the turnarounds only move us from one cycle to another and do not
add to the number of cycles present in the layout. Therefore, on one switch layouts
only, we remove all turnarounds except one.

DEFINITION. Two layouts are homeomorphic if their layout diagrams can be trans-
formed to the same diagram using the five operations outlined above.

If two layouts are tour equivalent, they are homeomorphic. Using these operations,
we see immediately that the layout diagrams for the lower layout in FIGURE 3 and
the layout on the left in FIGURE 8 can be transformed into the diagram in FIGURE 14,
and they are therefore homeomorphic. How many distinct layouts use an n-way switch
and an m-way switch, under this definition of equivalence? Because we eliminate all
sidings, we only discuss layouts with no sidings.

Consider any two-switch layout with no links, so there are only bridges, turnarounds,
snakes, and ears. If there is exactly one snake, contract it. There has to be an ear on
the other switch, so now we have a one-switch layout with an ear. Eliminate the extra
turnarounds, and we have the diagram in FIGURE 14. If there are two snakes, contract
one of them. The other snake has become an ear on the remaining switch. Eliminate
the extra turnarounds and we again obtain the diagram in FIGURE 14. If there are no
snakes, then each switch has an ear, so perform an ear identification and eliminate the
extra turnarounds. In every case, the process ends with the diagram in FIGURE 14.
This argument can be modified to show that every layout with no links, regardless of
the number of switches, is homeomorphic to the layout described in FIGURE 14. This
is one key insight in the proof of the following result.

THEOREM. There are |m/2| + 1 homeomorphism classes when we use an n-way
switch and an m-way switch with2 < m < n.

Let us sketch the proof: We already know that if a layout does not have a link, it
is homeomorphic to the layout shown in FIGURE 14. How many distinct two-switch
layouts exist with links? A study of the tour equivalence classes tells us that there
are two such layouts with two 2-way switches, and two such layouts using two 3-way
switches. Similarly, there are three distinct layouts using two 4-way or 5-way switches.
In general, there are |n/2] distinct layouts that have a link using two n-way switches,
and thus |n/2] 4 1 distinct homeomorphism classes. A similar argument shows that
there are [m /2] + 1 homeomorphism classes when we use an n-way switch and an
m-way switch.

Future work There are many unanswered questions that our research group would
like to address in the future. First, if we continue our study of tour equivalence, how
many distinct layouts are there if we add more switches to the layout? We found 34
distinct layouts using three 2-way switches. Of these, 24 are connected. We hope to
continue our analysis to include larger numbers of switches with more options.

We also intend to explore the notion of homeomorphic layouts for larger layouts.
How many homeomorphism classes are there for layouts with more switches? Of the
24 connected layouts involving three 2-way switches, 10 have a siding on the bottom.
Of the remaining 14, all but three are homeomorphic to the layout in FIGURE 14 using
the operations described in this paper. Should some classes of layouts with links be
considered homeomorphic? If so, what operation(s) on the track diagrams will allow
us to determine the homeomorphism classes? Carthage student Ben Burch is approach-
ing this question by treating train track layouts as dynamical systems and examining
the symbol sequences generated by taking tours on the layout. He intends to find con-
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ditions on the symbol sequences that produce a definition of equivalence that agrees
with the notion of homeomorphism in the known cases.

Acknowledgment. The authors would like to thank Brian Snavely, whose love of Thomas the Tank Engine
provided his dad with the idea for this research project.
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Proof Without Words:
The Number of Unordered
Selections with Repetitions

THEOREM. The number of unordered selections of r objects chosen from n types
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Let the games begin!

I am a gaming geek. Not necessarily the kind of gaming geek you might expect a math-
ematician to be: I get beaten at chess by 12-year-olds, and I refuse to even go near the
game of Go. The few times I’ve tried role-playing games, my mismanagement of my
posse invariably caused my men to starve to death before they even encountered a
monster. No, my games of choice are computer adventure games. Myst, Riven, The
Longest Journey: you know the type. Lush visuals. Extravagant music. Marvelous ma-
chines, strange creatures, often haunting storylines, and the best part: puzzles. Ah, the
glory of cracking codes, of damming rivers, of finally getting that hovercraft to work!

So you can imagine my excitement when during a cold and gloomy winter va-
cation, as I sat curled up on the couch with one of my beloved games, I got the
following email from a student I'd taught in the fall. Chris wrote: “I was playing
[Myst] and it had a riddle. Suppose you have 3 rows of numbers... Also, suppose
there are 2 levers... Anyway, the game asked me to give a certain combination of
numbers. . . Rather than just play the game, I wanted to play math.”

My heart started beating faster.

He continued: “This reminded me of... our dihedral groups, but not exactly. Just
messing around, I did find that every combination of levers had an inverse.” Keep in
mind that the puzzle Chris was describing was not obviously mathematical (at least,
to a non-mathematician). It wasn’t solvable by elementary arithmetic or geometry: its
mathematical solution required the use of linear and abstract algebra. Upon reading
this email, I glowed with pride: here was my student, from my very first abstract al-
gebra class, recognizing that the puzzle’s levers could be thought of as elements of a
group. I immediately flashed back to a similar puzzle my friend, Vanessa, and I had
encountered in a game. In that case, Vanessa was the one to interpret the problem
mathematically. All of a sudden she and I were madly solving a system of equations
and—ta da!—our puzzle was solved.

Mulling over these two puzzles, I began to wonder: were there other puzzles like
that out there? The answer was a resounding yes. In this paper, I’ll explore merely
a few of the myriad linear and abstract algebra problems that masquerade as lever,
dial, and slide puzzles in computer games. I urge you to play along at home as you
read. My descriptions of situations will likely be more understandable that way; plus,
hearing chimes that indicate you’ve solved a puzzle can be much more exciting than
just reading about such phenomena.

Clock arithmetic

Let’s start by discussing the puzzle in Myst about which Chris was writing. Near the
beginning of the game, you encounter a contraption in a clock tower, which focuses
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mightily on the number 3. The contraption consists, in part, of three levers; from left to
right, we’ll call these levers A, B, and C. The first time we encounter the contraption,
we also see three number 3s facing us, vertically aligned. Basic experimentation with
the levers shows us that, in fact, each number 3 marks a face of a “dial” which has
exactly two other faces, marked with the numbers 1 and 2, respectively. So we have
three dials, each with three faces, marked with the numbers 1, 2, and 3. Here is where
a math-friendly person might get excited: regarding these numbers as integers modulo
3, the set of numbers on each dial can be identified with the set Z; = {0, 1, 2} (where
a dial’s number 3 is identified with O in Zj3). Since there are three dials, what we have
represented here is the set Z3. Let us identify the numbers facing us at any moment on
the top, middle, and bottom dials with, respectively, the first, second, and third coor-
dinates of an element in Zg: so, for instance, if the numbers facing us at a certain time
read 2, 1, 3 from top to bottom, we’ll identify this situation with the vector (2, 1, 0).

Now, if we are clever, we can deduce from facts learned elsewhere in the game that
we must somehow rotate these dials so that the numbers facing us, from top to bottom,
are 2, 2, and 1 (the proof of this is non-mathematical, and is left to the reader). The
mathematical question is: how can this (efficiently) be done?

Well, first, more careful experimentation is needed. Let’s say we start with the dials
in the positions associated with vector (x|, x,, x3) in Zg. It is not hard to discover that
pulling lever A leaves the top dial alone, while rotating the middle and bottom dials
so that their resulting visible faces show numbers thatare 1 more (modulo 3) than the
numbers they previously showed. That is, the resulting situation will be associated with
vector (x;, x» + 1, x3 + 1), where addition is done modulo 3. Lever B, on the other
hand, leaves the bottom dial alone, while rotating the top two dials so that (x|, x;, x3)
becomes (x; + 1, x, + 1, x3). Finally, Lever C merely resets all the dials to their initial
position, with three 3s facing us. Lever C is merely an aid so that struggling puzzle-
solvers can start from scratch, and thus we may essentially ignore it for the rest of this
discussion.

We are now at a point where we can translate this problem entirely into mathemati-
cal terms. What we in fact have going on here is a group action: in particular, the action
of a subgroup of Z3 on Z3 via left translation. Pulling lever A adds (0, 1, 1) to any ele-
ment of Zg, while pulling lever B adds (1, 1, 0) to any element. We begin with element
(0, 0, 0) in Z2, and want to pull each of levers A and B a particular number of times so
that we obtain the element (2, 2, 1): that is, so that we add (2, 2, 1) to (0, 0, 0). This
corresponds to writing (2, 2, 1) as a linear combination

(2,2,1) = A21(0, 1, 1) + A,(1, 1, 0),

where A1, A, € Z*, and where our addition takes place in 73 we can then pull lever A
repeatedly A, times and lever B repeatedly A, times to solve the puzzle. (Notice that
it does not matter in which order we pull the levers, as Z3 is an abelian group.) Thus,
our immediate goal is to find positive integral solutions to this system of congruences
modulo 3:

)\.2 =2 (mOd 3)
A+ Ay =2 (mod 3)
)\.1 =1 (mOd 3)

Which is all well and good, except that this system clearly has no solutions, since if
A = 1 (mod 3) and A, = 2 (mod 3), then A, + A, must of necessity be congruent to 0
(mod 3).
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So we return to the puzzle and mess with the levers some more; or, if we are im-
patient, we consult a walk-through of the game. Either way, one will discover the
following sneaky fact: holding down lever A or lever B for a beat adds (in Z3) the
vector (0, 1, 0) to the currently represented vector; furthermore, copies of (0, 1, 0) are
continually added as long as the lever is held down. Thus, by holding lever A or B
down for an appropriate amount of time, one can add the vector (0, A3, 0) (for any
A3 € Z7) to the currently represented vector. Thus, our revised mathematical goal is to
find positive integers A, A, and A3 so that in Z3 we have

(2,2, 1) =2,(0,1, 1) + 22(1, 1, 0) + 25(0, 1, 0).

So the system of congruences for which we really need to find positive integral solu-
tions is

Xy =2 (mod 3)
)\1 +)\2+)\3 52(m0d3)
A1 =1 (mod 3).

It is easy to see that this system has solution
)\,] =1, )\,2=2, and )\,3=2

(where these solution values are unique modulo 3). Turning to the game, we first make
sure the dials are in their initial position (pulling lever C to put them there, if need be).
Then we can solve the puzzle by pulling lever A once and lever B twice, and holding
B down after its second pull exactly long enough to add the vector (0, 1, 0) twice. And
voila, we hear a grinding noise and the gear at the bottom of the contraption opens.
Moreover, we have now gained access to a book that will allow us to travel a different
world. Nice, huh?

A stasis gun and skulls

We next turn to one of my favorite games, Timelapse. A number of puzzles in this game
can be interpreted mathematically; we focus on two such puzzles. The first puzzle that
we’ll discuss is the second of those two that we encounter in the game: it is the stasis
tube gun puzzle. (You should likely save your game before exploring the mechanisms
of this puzzle, as if you don’t solve it quickly enough you will be conquered by a
robot and lose the game: not good.) The puzzle consists of six tricolored circles and
six yellow triangles. (See Figure 1.) In the center of the puzzle, there is a small, red
hexagonal button. At first, clicking on the button merely makes a small noise; the
button appears to be currently inactive. Let C; be the circle in the upper right-hand
corner of the puzzle, and let C,, C3, . . ., Cg be the puzzle’s other circles, in clockwise
order from C,. Next, for i = 1,2,...,6, let T; be the triangle nearest to C;. Each
circle is divided into red, green and blue sectors, of equal size, in clockwise order in
the circle. We’ll say that a circle is in state O (respectively, states 1 or 2) if its red
(respectively, blue or green) sector faces the center of the puzzle. We will soon see that
clicking on any of the triangles rotates several of the circles clockwise by multiples of
120°; the set of all orientations of the circles can therefore be identified with a subset
of Z§, where the ith entry of an element x € Z$ is the state of C; in orientation x of the
circles. When you first encounter the puzzle, the orientation of the circles corresponds
to the vector (1,0, 2, 1,0, 2) € Z§.
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Figure 1 The stasis tube gun puzzle in Timelapse

At this point, one might begin to wonder if this puzzle’s solution is mathematically
similar to that of the clock tower puzzle; one will discover that, indeed, it is. Exper-
imentation shows that clicking on any given yellow triangle rotates exactly three of
the circles clockwise by either 120° or 240°, while leaving the other circles alone. For
instance, clicking on T rotates C; and C¢ clockwise by 120° and rotates C, clock-
wise by 240°, but does nothing to the other circles, while clicking on T, rotates C;
and Cs clockwise by 240° and rotates C, clockwise by 120°, while leaving the other
circles alone. Thus, clicking on a triangle causes the states of exactly three circles to
change. For instance, clicking on T causes the states of C; and Cs to increase by 1
(mod 3) and the state of C, to increase by 2 (mod 3). Mathematically, this corresponds
to adding a certain vector to the vector associated with an orientation of the circles.
Specifically, for eachi = 1,2..., 6, clicking on triangle 7; adds v; to the puzzle’s
current orientation vector, where

v, =(1,20,001, v»=(221000), v3=(0,2,1,1,0,0)
v4=(0,0,2,1,2,0), vs=1(0,0,0,2,1,1), and v6=(1,0,0,0,2,1).

Now, what’s our goal for this puzzle? Well, recall the inactive red hexagonal button
in the center of the puzzle; chances are we want to activate it. Moreover, in adventure-
game language, its shape and color suggest that we will be able to do this by ro-
tating the circles so that each circle’s red sector faces the puzzle’s center: that is,
so that each circle is in state 0. Thus, mathematically, we begin with the element
(1,0,2,1,0,2) in Z%, and want to obtain the element (0, 0, 0, 0, 0, 0): that is, we
want to add (2,0,1,2,0,1) to (1,0, 2, 1, 0, 2). Since what we can do is limited to
the actions performed by the 7;, we want to find positive integers Aj, Az, ..., Ag SO
that

6
(2’ Oa la 2a 0, 1) = invi.

i=1
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Looks familiar, huh? Only this time, this corresponds to solving a system of six con-
gruences in six unknowns, which is not so nice to do by hand. An alternate way of
solving this system is to use slightly more sophisticated linear algebra. Specifically,
we can represent this system by the matrix equation

Ax =b,

where A is the matrix whose ith column is v;, x is the column vector whose ith entry
is A;, and b is the transpose of (2, 0, 1, 2, 0, 1). Note that we are thinking of all these
matrices as being over Z;. Solving for x, we obtain

x = A"'b;

so we’re done if we can invert A. If we don’t wish to invert a 6 x 6 matrix over Z; by
hand, we can do the inversion using, for instance, the GAP system for computational
discrete algebra. We can also then multiply A~! by b using that system, and obtain the
solution

x' ="'’ =(2,1,0,0,1, 1).

(Again, these solution values are unique modulo 3.) Thus, to solve the puzzle it should
suffice to click on T twice, and each of T,, T5 and Ty once. Sure enough, this works!
Nothing happens immediately, but now clicking on the red button in the puzzle’s center
causes the button to disappear as the red sectors of the circles come together to form a
hexagon. Further, we now have access to a gun, and can shoot the robot (assuming we
have sufficiently good non-intuitive aim)!

We now turn to another Timelapse puzzle. A computer adventure game without a
Mayan world seems to be almost as rare as an even prime number; in Timelapse you
encounter a Mayan calendar puzzle. (Before you experiment with this puzzle, you may
want to save your game: one of our examples will assume that we start with the puzzle
in its original state, and unlike many other puzzles, this puzzle does not reset to its
original state when you back away from it and then return.)

The puzzle contains three rings: two on its left side, and one on its right. We’ll
call the inner left ring R, the outer left ring R,, and the right ring R;. Each of these
rings displays symbols. At any given time, three symbols, one from each of the three
rings, are aligned; basic experimentation yields that you can change the symbols that
are aligned by turning the rings (we will later discuss the turning of the rings in more
detail). You will need to use this puzzle to obtain access to four temples (respectively
associated with skulls, jaguars, monkeys, and lizards); each temple’s access requires a
different combination of symbols be aligned. It is straightforward to discover that R,
R,, and R; display 8, 12, and 16 distinct symbols, respectively. The original aligned
symbols are shown in FIGURE 2; we’ll identify each of these symbols with the number
0 (on their respective rings). We number the remaining symbols clockwise on each
ring. Clearly, then, we can identify the set of all possible alignments of symbols with
the set Zg X Z|2 X Z[(,.

Now it’s time to explore more carefully the movements of the rings. We can rotate
the rings in this puzzle either clockwise or counterclockwise. (This does not constitute
a fundamental difference between this puzzle and the other puzzles we’ve discussed,
but does allow us slightly more flexibility in executing our solution, as in this case
our solution can involve negative integers.) Now, suppose the alignment of symbols
at a certain time is represented by an element x in Zg x Z; x Ze. If we rotate R,
one position counterclockwise, this also turns R, one position counterclockwise while
leaving R3; unchanged, so we’ve added v; = (1, 1, 0) to x. If we instead rotate R, one
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Figure 2 The Mayan Calendar in Timelapse

position counterclockwise, this also turns R, one position counterclockwise and R;
one position clockwise, so we’ve added v, = (1, 1, 15) to x. Finally, if we rotate R;
one position counterclockwise, this also rotates R; one position counterclockwise and
doesn’t move R,, so we’ve added v; = (1,0, 1) to x.

Since we must obtain four different alignments of symbols to gain access to every
temple, and since this puzzle does not reset itself to its original state when we leave
it and come back, solving this puzzle efficiently requires we treat it a little differently
than we did the other puzzles. To solve our previous puzzles, we merely had to write
one element of our set as a linear combination of specific vectors; here, we need to
write at least four elements of our set as linear combinations of the v; (we may need
to write more than four this way if we mess up at some point, since the puzzle doesn’t
reset itself). Thus, we will try to answer the question: given any alignment x and any
element (a, b, ¢) of Zg x Zy, x Ze, how can we add (a, b, ¢) to x by turning the
rings? Well, let (a, b, ¢) € Zg x Zy x Zs. It suffices to find A}, A,, A3 € Z so that in
Zg X Z]z X Z](, we have

3
(a, b, c) = Z)\ivi;
i=1

that is, we want to find A; that solve the system of congruences

A.1+A.2+A.3Ea(m0d8)
A1+ A, = b (mod 12)
1512 + )\.3 =C (mod 16)

Note that, for this puzzle, the A; can be negative: if a A; is negative, this simply means
we should rotate the corresponding ring by |A;| positions in the clockwise, rather than
the counterclockwise, direction. It’s straightforward to show that if a;, b, and ¢, are
any integers with a; = a (mod 8), b; = b (mod 12), and ¢; = ¢ (mod 16), then a
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solution to our system is given by
)\.1=2b|+()1—a1, Azzal—bl——cl, and A3:a1—b1.

Let’s now put our work to the test. Starting in our original state (0, 0, 0), we’ll
attempt to open one of the temples. (Before we start, it’s important to know that in
order to be able to open a particular temple using the puzzle, the crystal ball across
from the puzzle must be in a specific position; we will not discuss this further here, but
it’s something of which to be aware when playing the game.) The order in which we
open the temples doesn’t matter (though it will affect our computations). Let’s open
the Skull Temple first. We learn elsewhere in the game that this requires the attainment
of state (4, 2, 4). This means we want to add (4, 2, 4) to our current state, so, in this
case, « = 4, b = 2, and ¢ = 4. Thus, one solution to our puzzle is given by A| = 4,
A = —2,and A3 = 2. So we turn R; 4 positions counterclockwise, R, 2 positions
clockwise, and Rj 2 positions counterclockwise. Ah, success—we hear a lovely chime,
and future exploration will show us that the Skull Temple is now unlocked.

But we’re not yet done with the puzzle: we need to obtain three more elements of
Zg x Zy, x Ze. Let’s open the Jaguar Temple next. In order to open this temple, it
turns out that we must obtain state (2, 0, 2). Were we starting in our original state,
(0, 0, 0), a solution to our puzzle could be obtained using a =2, b =0, and ¢ = 2:
thus, a solution would be A; = 0, A; = 0, and A; = 2. But since we are currently in
state (4, 2, 4) (the state which opened the Skull Temple), this solution won’t work: we
instead wish to add (6, 10, 14) to our current state. In this case, then, a = 6, b = 10,
and ¢ = 14. Using these values would yield relatively large absolute values for the A;,
requiring lots of turning of rings (for instance, we’d have to turn R; 28 positions coun-
terclockwise); instead, using the valid values a; = b; = ¢, = —2, we obtain solution
A = —4, X, = 2, and A3 = 0. Hence, we can open the Jaguar Temple simply by turn-
ing R, four positions clockwise and R, two positions counterclockwise. We leave the
opening of the remaining two temples to the reader.

We end this section by pointing out another way in which this puzzle differs from
our other puzzles: our solutions for this puzzle are not unique modulo the moduli in
our system. For instance, we mentioned above that starting in initial state (0, 0, 0), to
open the Jaguar Temple we must obtain state (2, 0, 2), and can do that using A; = 0,
Ay = 0,and A3 = 2. But we can also do it using A; = 8, A, = 16,and A; = 2; note that
our new A; and A, values are not congruent to their previous values modulo 12, one
of the moduli in our system. So for this puzzle, as a result of our equations involving
different moduli, we do not have the same kind of uniqueness of solutions as we had
for our previous puzzles.

Reflection

Of course, these are all variations on the same puzzle. In fact, when one is attuned to
this type of thing, one notices this Puzzle everywhere: I was watching a friend play
SpongeBob SquarePants : Battle for Bikini Bottom, when he encountered the Puzzle (I
muttered, “Ah, this time it’s Zg. ..”). But don’t let this distract you from the other math
puzzles that are out there. Computer games contain both obvious and subtle mathemat-
ical puzzles: ones where you need only translate a foreign number system’s numerals
and apply basic arithmetic, and ones, such as the Puzzle, that may not originally appear
to be mathematical at all.

And one of the most beautiful things about computer games is that they allow you
to travel to worlds to which we can’t physically go in real life: including mathemat-
ical worlds. I’ll end this discussion with a teaser. At one point in the old text adven-
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ture game Trinity, you have a gnomon you must screw into a hole—but the threads
in the hole are going the wrong way. Wandering about, you encounter an “abstract
sculpture,” inscribed with the words Felix Klein 1849-1925. Nearby are strange leafy
tunnels. When playing this game, my friend Jen and I suddenly grabbed each other in
excitement, as we realized what was going to happen, and how that would solve the
puzzle. And with that, I leave you to enjoy the mathematical labyrinths of games.
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Mathematical puzzles have been a source of entertainment and inspiration throughout
the ages, and many puzzles have contributed to the development of large fields of
mathematics. For example, a puzzle from the 18th century known as the Konigsberg
bridge problem asks the solver whether or not it is possible to trace a path around the
city of Konigsberg that crosses each of the city’s seven bridges between two islands
and the banks of the Pregel River exactly once. Some experimentation easily convinces
the solver that there is no possible path, but formally proving this is more difficult. In
1736, the mathematician Leonhard Euler wrote a paper in which he formally proved
that solving the Konigsberg bridge problem is impossible. Euler’s development of the
techniques he used in this paper is considered to be the beginning of the field of graph
theory.

The Konigsberg bridge problem and many other combinatorial puzzles like it have
been thoroughly analyzed because they can easily be modelled by relatively simple
mathematical objects. In this note, I propose to describe a method of analysis that can
be applied to the somewhat less combinatorial class of puzzles known as disentangle-
ment puzzles. This method often will not give a complete solution to a given puzzle,
but it will provide insight about the possible solutions, and it will lead through a tour of
much interesting mathematics along the way. By necessity, there will be an interplay
between rigorous mathematical arguments and physical observations about the puzzle
itself. In this respect, analyzing disentanglement puzzles can be thought of as akin
to applied mathematics in which a mathematical model is compared against physical
observations both during and after its development.

Disentanglement puzzles A disentanglement puzzle consists of two or more “parts”
entangled with each other that the solver is required to separate, subject to several ge-
ometric constraints. The pieces are usually made of some combination of metal, wood
and string, and the constraints are that the solver cannot perform any manipulation that
bends the wire or breaks the string or wood. Topologically, the pieces that require sep-
aration are not linked together, so that if all of the parts were arbitrarily deformable,
solving the puzzle would usually be trivial. However, the geometric constraints involv-
ing the sizes of the pieces and how they can physically bend prevent the solver from
performing the desired topological manipulations. This is the source of the difficulty in
analyzing these puzzles mathematically; because the goal of a disentanglement puzzle
is topological but the constraints are geometric, it is often difficult to capture all of the
important aspects of such a puzzle in a single abstract mathematical object.

368
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By the use of the Quattro puzzle described below, I will illustrate a method by
which, to some extent, such abstraction is possible. The method will involve knot
theory and the idea of viewing manipulations of the pieces of the puzzle as small
“moves” performed on an appropriate initial diagram representing the puzzle. With this
interpretation, the topological goal is stated in terms of transforming the initial diagram
into a given final diagram, and the geometric constraints are expressed by restricting
the allowable moves. This analysis is similar to that used by Louis Kauffman in finding
a bound on what he calls the number of “red-blue crossing changes” required to solve
the Chinese Rings puzzle [2].

Quattro The well-known disentanglement puzzle “Quattro” consists of four identi-
cal pieces, each of which is a loop of string tied around a wire ring. All of the wire
rings are rigid and of equal size, so an obvious constraint is that the rings cannot move
through each other. The strings are entangled as shown in the Quattro link of FIG-
URE 1, in which the metal rings are represented by the thick circles and the strings
represented by the thin curves. The goal is to separate the four pieces.

ol — [
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]

Figure 1 The Quattro link (left) and knot (right)

If one string is long enough to fit around an adjacent ring then solving the puzzle
is very simple, as shown in FIGURE 2. In the actual model, each string can certainly
move around its own ring, but each string also seems just barely too short to fit around
any other ring. I propose to show that if this puzzle is to be solved without passing a
string around a ring other than its own, then at some time we must make use of the fact
that a string can pass around its own ring. At first glance, this observation seems not
to help much, since one way of moving a string around its ring simply results in the

OO O G 0O

Figure 2 Solving Quattro
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string coming back to its original position with a twist. However, moving the “far” end
of a string loop around its ring will result in a more significant change to the puzzle.
This move is somewhat complicated, but a similar move is used in a solution to the
puzzle, “Duplo,” which is illustrated in FIGURE 3.

D G
OO

Figure 3 The first move in solving Duplo

This piece of knowledge about the possible solutions can be used to guide the solver
on the right track towards a solution. In fact, passing a string around its own ring is a
crucial step in the solution to Quattro (Puzzle Q) presented at,

http://www.gamesandpuzzles.co.uk/reference/eureka_solutions.htm.

Knot theory A knot is simply an embedding of a circle into three-dimensional Eu-
clidean space. Two knots are equivalent if one can be deformed into the other by a
smooth deformation of the ambient Euclidean space. (Technically, the definition in-
volves a smooth one-parameter family of diffeomorphisms of R? taking one knot to
the other, but the intuitive idea of slowly deforming one knot to the other will suf-
fice here.) We usually view equivalent knots as the same and we speak as though two
equivalent knots are actually the same knot. Thus we talk about the “figure eight knot,”
when we really have a single particular knot in mind and what we mean is “the class
of knots equivalent to this particular knot.” This abuse of terminology rarely causes a
problem in practice.

A link is a disjoint union of one or more knots, each component of which may
or may not be linked in various ways to the other components. The diagram of a
given knot or link is simply its projection onto the xy-plane with gaps wherever two
strands cross to indicate which strand is physically above the other. With some slight
manipulations of the link, we can always assume that the curves in a diagram intersect
transversally and that no crossing involves more than two curves. For a more thorough
discussion of knot theory and a method for using “polygonal” knots to remove the
requirement of a diffeomorphism in the definition of equivalence, the reader could
consult the first chapters in Charles Livingston’s book, Knot Theory [3].
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We can abstractly view the Quattro puzzle as an 8-component link by regarding
all strings and wires as components of the link, which we will call the Quattro link.
The link in FIGURE 1 is a diagram of the Quattro link. There are many other possible
diagrams of this link, and in fact the manipulations of FIGURE 2 prove that the Quattro
link is equivalent to the four unlinked pairs of linked circles shown in the last diagram
of the figure. These manipulations are captured abstractly as Reidemeister moves.

The Reidemeister moves are local moves that are performed on a small part of a
knot diagram. There are only three Reidemeister moves, all of which are shown in
FIGURE 4. In that figure, each picture represents a small part of a larger diagram, and
for each move the only change to the diagram in question is in the small neighborhood
shown. Each Reidemeister move on a diagram corresponds to an obvious manipula-
tion of the components of the link that changes it to an equivalent link. Conversely,
a fundamental theorem of knot theory implies that two diagrams represent equivalent
links if and only if one can be transformed into the other by a finite sequence of Reide-
meister moves or deformations of the diagram that do not destroy or create crossings
as they are performed [1, Section 1.3].

O -— 0 )0 XX

Type 1 Type 2 Type 3

Figure 4 The Reidemeister moves

The Quattro Knot Moving back to the puzzle, we wish to show that if the strings
are in fact too short to fit around each others’ rings, then any solution of the puzzle
must involve passing a loop around its own ring. We begin by using a closely related
knot to show that the Quattro puzzle cannot be unlinked without a Reidemeister move
involving a wire component. Consider the Quattro knot, whose diagram is shown in
FIGURE 1. We can form this knot by cutting the strings of the Quattro puzzle, removing
the rings and attaching each cut end of string to its neighbor. This operation is an
example of the procedure of closing a tangle, which is commonly used in the study of
knots and links.

A tangle is an object similar to a knot, but which consists of a number of arcs inside
of a hollow sphere. The arcs intersect the sphere only in their endpoints and at equal in-
tervals along the equator of the sphere. As with knots, two tangles are equivalent if one
can be smoothly deformed to the other, but for tangles we require that the endpoints of
the arcs not move during the deformation and that the deformation never take any por-
tion of an arc outside of the sphere. Also as with knots, a tangle is usually represented
by its diagram, which is its projection to the xy-plane with over and under crossings
marked by gaps in the arcs. The left illustration of FIGURE 5 shows the diagram of the

—
)

i

Figure 5 A 2-string tangle and its two closures
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tangle that results from enclosing in a sphere the knotted part of the link representing
the Duplo puzzle. Since this tangle consists of two separate arcs, it is called a 2-string
tangle.

A tangle can be closed by moving along the equator of the sphere and joining pairs
of adjacent endpoints with arcs travelling outside of the sphere. This is done in such
a way that the arcs do not cross when viewed in the diagram. For any tangle, there
are exactly two ways of performing the closure, depending on which two endpoints
are joined first, as shown in the second two illustrations of FIGURE 5. Closing a tangle
results in a knot or a link that displays much of the same knotting as the original tangle,
and in this capacity tangles and their closures are used in the study and classification
of knots and links.

The Quattro knot can be constructed as a closure of the tangle produced by sur-
rounding the knotted portion of the Quattro link by the sphere illustrated on the left
in FIGURE 6. It displays the exact same crossings as the Quattro link inside dashed
circles in FIGURE 6, and it will be an important tool in our analysis of Quattro. Any
Reidemeister move performed inside the dashed circle on the puzzle diagram has a
corresponding move on the knot diagram. Additionally, it makes sense to speak of
entire sequences of Reidemeister moves occurring within these circles, because if we
perform one such move, then all of the arcs resulting from that move lie within the
dashed circle on the new diagram.

>4

Figure 6 The same knotting

Now, if the physical puzzle can be unlinked without any moves involving a wire
strand, then by the constraints on string size, the corresponding sequence of Reide-
meister moves on the diagram of FIGURE 6 can be taken to occur entirely within the
dashed circle. Performing the corresponding moves on the Quattro knot diagram would
unknot it. Therefore, in order to show the necessity of a wire Reidemeister move in the
solution to Quattro, all that remains to show is that the Quattro knot is not equivalent
to the unknot (the knot consisting of a circle without any knotting).

Tricolorability Showing directly that a given knot is not the unknot is usually diffi-
cult. Indeed how could one possibly prove that there is no sequence of Reidemeister
moves that unknots the Quattro knot? One way to do this is by using a property called
“tricolorability.” We say that a link diagram is tricolorable if each segment in the dia-
gram can be colored by one of three colors in such a way that,

1. At each crossing, either all three colors meet or only one color is present.
2. At least two of the three colors are used.
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Figure 7 A tricoloring of the trefoil knot

FIGURE 7 shows a tricoloring of a diagram for the trefoil knot. The most important
fact about the property of tricolorability is that if diagrams D and D’ represent equiv-
alent links, then either both D and D’ are tricolorable or neither is, as the following
theorem asserts (see [1], Section 1.5). The theorem allows us to regard tricolorability
as a property of links themselves, and we say that a link is tricolorable if one (and
therefore all) of its diagrams is tricolorable.

THEOREM 1. If D and D’ are diagrams corresponding to equivalent links, then D
is tricolorable if and only if D' is tricolorable.

The proof of Theorem 1 relies on the fact that since D and D’ represent equivalent
links, they are related by a finite sequence of diagrams,

D=D0—>D1—>Dz—)n-—)Dn_]—)Dn:Dl

with each D; differing from D; | by a single Reidemeister move. If we can show that
a diagram differing by a single Reidemeister move from a tricolorable diagram is itself
tricolorable, then starting off with D tricolorable would imply that every diagram in
the above sequence, and in particular D’, is tricolorable. Similarly, if we started with
D’ tricolorable, then running the sequence of Reidemeister moves backwards would
show that D is tricolorable also.

Proving that performing a Reidemeister move on a tricolorable diagram results in
another tricolorable diagram requires the analysis of several cases. One takes the Rei-
demeister moves one at a time. For each move, one must consider all of the possible
ways that the segments involved in the move could be colored in a tricoloring of the
initial diagram. Then, one must produce a tricoloring of the resulting diagram. Let us
take Type 2, and indicate the colors by solid, dashed, and dotted shading of the strands.
The left hand diagram of FIGURE 8 shows one possible way the strands may be col-

Figure 8 Tricoloring preserved
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ored as a result of a tricoloring. The right hand diagram shows a candidate for how to
color the strands resulting from the Reidemeister move, and we must show that it is
actually a tricoloring.

First, we see that this assignment of color actually gives a coloring of the diagram,
because the strands leaving the modified section of the diagram after the move have the
same color as the ones leaving that section before the move. Secondly, the new cross-
ings of the diagram satisfy condition (1) of a tricoloring, and since there are no other
additional crossings in the new diagram, the entire coloring of the new diagram satis-
fies tricoloring condition (1). Finally, since there are two colors visible in the diagram,
the proposed coloring satisfies requirement (2) and is therefore a tricoloring.

There are other ways in which the initial diagram could be tricolored, and in the
proof of the theorem each one must be considered in the above fashion. To complete
the proof, we would have to analyze a Type 2 move going in the other direction (elim-
inating the crossings) and we would have to analyze both directions of the other two
Reidemeister moves. In each case, we would start with a tricoloring of the initial di-
agram and then show that it is possible to tricolor the resulting diagram. This would
finish the proof that Reidemeister moves cannot destroy tricolorability. As explained,
this finishes the proof that two diagrams representing equivalent links are either both
or neither tricolorable.

To use tricolorability to show that the Quattro knot is not equivalent to the unknot,
we first note that the unknot is not tricolorable. This is because the unknot possesses a
diagram without any crossings at all. This diagram is definitely not tricolorable, since
it can not be colored by using more than one color. On the other hand, FIGURE 9 gives
a tricoloring of a diagram for the Quattro knot. If the Quattro knot were equivalent
to the unknot, then Theorem 1 would imply that the unknot is tricolorable, which is
a contradiction. Therefore, the Quattro knot is not equivalent to the unknot, which
finishes the proof that any sequence of Reidemeister moves unlinking the physical
puzzle of FIGURE 1 must have a move that involves a wire strand.

Figure 9 A tricoloring the Quattro knot

Solving Quattro The previous sections focused on our abstract model of the puzzle,
the Quattro link, and we found that a Reidemeister move involving wire is necessary
to unlink it. We again move back to the physical puzzle and see what we can conclude
about it from this fact about its abstract model. Suppose that the rings of the puzzle
are too large to pass completely through each others’ string loops. Doing nothing but
passing rings partially through loops other than their own in the physical puzzle leads
immediately to a dead end with no slack string left for any movement at all. Passing
rings over and under strings without passing through any loops likewise either knots
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the puzzle or has no effect on the knotted strings in the middle. So, if a solution of the
puzzle is to include a wire-string move, then it must include at least one move of a ring
partially or completely through its own loop of string.

Solving the puzzle without any wire-string moves would give an unlinking of the
Quattro link whose corresponding Reidemeister moves involve no wire strands. Since
this is impossible, any solution of the puzzle must involve a wire-string move. As
mentioned in the previous paragraph, the physical constraints of the puzzle lead to the
conclusion that any solution must involve passing a ring at least partially through its
own loop. While this information certainly does not solve the puzzle, it at least guides
the solver very strongly down the path towards a correct solution, as a crucial move of
the solution is to pass a loop around its own ring while manipulating the other strings
around that ring just enough to create sufficient slack to complete the move.

Conclusion The above discussion is one example of how topological disentangle-
ment puzzles can be analyzed by interpreting the geometric constraints as constraints
on which Reidemeister moves are allowable on a diagram of the puzzle. Ideally, this
allows one to rephrase the problem as a problem in ordinary knot theory about deter-
mining whether or not two knots or links are equivalent. This part of the problem is
usually resolved with one or another of the available knot or link invariants such as tri-
colorability. As we saw in the analysis of the Quattro puzzle, the physical constraints
apparent in the actual puzzle come to play in deciding which constraints to impose on
the Reidemeister moves as well in determining what the caaclusions about the abstract
model tell about the physical puzzle. This interplay seems unavoidable in disentangle-
ment puzzles in which some of the constraints are formed by the physical sizes and
flexibilities of the pieces of the puzzle.

There exists a wealth of disentanglement puzzles that could benefit from this kind of
analysis. One that comes to mind is a more difficult version of Duplo that has two metal
rings and three loops of string. Another possible application of this method might be
in answering Louis Kauffman’s question of how many wire-string crossing changes
are actually necessary to solve the Chinese Rings puzzle [2].

Acknowledgment. I thank Stan Isaacs for a useful discussion about this puzzle and its solutions, and I thank
the referees of this paper for pointing out a website posting the solution to Quattro and for suggesting the use of
tricolorability.
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Trigonometric Series via Laplace Transforms
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In another Note in this MAGAZINE [2], I presented a method that uses the Laplace
transform to find exact values for a large class of convergent series of rational terms.
Recently, also in the MAGAZINE, Lesko and Smith [3] revisited the method and
demonstrated an extension of the original idea to additional infinite series. My inten-
tion in this note is to illustrate the power of the technique in the case of trigonometric
series.

Trigonometric series Trigonometric series play a vital role in mathematics and
physics. Many results are known but most of them can be obtained only via Fourier
analysis. For example

o0

Zcos(nx) ——In <2Sin i)’ 0<x <27T, (])
n=1 n 2
00 3 2 _ 6 2 2
Z cos(;zx) _ 3 TX + 27 ’ 0<x <2nm, ()
- n 12
. sin(nx) W —x
Z — , O<x < 2.7'[, (3)
n=I h 2
o0 2 Cos(nx) X
Z(_l) = —1In (2 cos —) ) TR <X <7, ®
n=1 n 2
00 Lcos(nx)  3x? —m?
;(_) 2 12 e ©
2. cos((2n + 1)x) X
2ot 2y T N
>~ cos((2n+ Dx)  w?—2mx
> ont+1)? 8 O=<x=m 0

n=0

Davis [1] offers these and many additional results. Given a function, expanding it in
a trigonometric series is relatively straightforward. However, it is almost impossible
to guess the function that would generate a given trigonometric series as its Fourier
series. For example, given the series

[

< —
<Xx N
— — 2

> , sin((2n + D)x)
;(—1) o 1

it is not easy to guess that the function

f(X)=%x
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gives rise to it. Proving that the guess is correct requires additional work. On the other
hand, the method I presented [2], with the extension of Lesko and Smith [3], yields the
results in a straightforward manner with no ad hoc guessing.

The method As Lesko and Smith pointed out, the original method can be applied to
series of the form Zne[ u,v, where I is a subset of the integers. In series of this form,
it is often convenient to write only one of the factors, say v,, as a Laplace transform of
a function f(z)

+00
U, =/ e " f(t)dr.
0

Then

Zunvn = Zun /+<>0 " f()de.

nel nel

Assuming that the order of the operations of summation and integration can be ex-
changed

+o0
Zunvn:/() (Zu,, ) f@)dr.

nel nel

In this note we shall always exchange the order of the two operations, assuming that
the reader knows how to justify this step. Details on this may be found in the original
papers [2, 3].

If one can find an explicit function hA(t) = Zne, u, e, then this leads to a simple
integral representation of the initial series:

+00o
D tave = / h(t) f (1) d.
0

nel

If, furthermore, the integration can be performed, then analytic expressions for the
sums of the initial series are obtained.

Elementary trigonometric sums To apply the method to trigonometric series, we
need to be able to handle series of the form

S = Z sin(nx) e™,

nel

C = Z cos(nx)e ™.

nel

These summations are performed easily using complex notation:
C+iS= E emnre ™,
nel

In particular, when I = N* = {1, 2, ...}, assuming that x is a real number and ¢ > 0,
we find
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> e 'sinx
g sin(nx)e ™ =
n=lI

1 —2cosxet 4+ e-2’

s —t —t
_ e '(cosx —e™)

Zcos(nx)e "=

n=lI

l —2cosxe! +e 2"

Similarly we can compute other sums. Also, itis possible to start with these sums and,
by changes in the argument x and simple manipulations, derive formula for new sums,
such as sums over the even or odd integers only. The reader may wish to experiment
with this idea.

Trigonometric series via the Laplace transform We are now ready to find exact
sums for more complicated trigonometric series. We shall demonstrate the method
with two examples, namely (1) and (3). The other formulas may be obtained similarly.
Alternatively, they may be computed using algebraic and integral operations on (1)
and (3). For example, equation (2) may be proved by integrating (3) and using the well
known sum Y 72 1/n? = 7?/6. The last sum, in turn, may be obtained easily using
my original method [2] or various other techniques.

The approach described here, however, allows us to derive equation (2) without
reference to any other sum, assuming that one can integrate the necessary functions,
perhaps using a table of integrals. Since tables of integrals are widely available and
they are quite extensive (for instance, [4]), the method seems to be quite effective and
straightforward.

* We start with the series

>, cos(nx)
Z nU

n=lI

where v e N*and 0 < x < 2w, ifv=1,0or0 < x < 2m,if v > 1. Using

1 1 /°° ot vl
—_— = e "' dt,
nY v—D!Jp

we write

Z cos(nx) =5 _1 B Zcos(nx)/ vl dy
(v — 1)' f <Z cos(nx)e"”) "~ dr

1 /°° e '(cosx —e™)

= t""'dr.
v —1)! 1 —2cosxe +e %

With the change of variables u = 7/, the integral assumes a more compact form

2. cos(n —1y=t ! -
yo sty _ (=D / O (nw*du.
0

~ n (v — 1) 1 —2cosxu+ u?
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Forv =1

icos(nx)_ 1/"d(1—2cosxu+u2)
= 2

2 1 —2cosxu+ u?

1 1
——ln(1—2cosxu+u2)‘ :—ln(2sin£>.
2 0 2

* Following the same steps for the series

i 1n(nx)

we can arrive at the integral representation

> 1n(nx) (=t ! (Inu)v~!
Z sin x / du.
n=1 0

T (w=1) 1 —2cosxu+ u?

In particular, for v =1

. sin(nx) . ! 1
Z — =sinx - du
n 0 2

= (u — cosx)? + sin” x

_, sinx T —x
= tan =
0 1 —cosx 2

1
_, U — cosx

= tan

sin x

Conclusion Although the results presented in this paper are not new, we hope that
readers will appreciate the ease and transparency of the method. Given any series such
as those described in the original articles of Efthimiou [2], Lesko and Smith [3], and
this note, the steps are well-defined and require no special tricks. However, traditional
methods do vary from series to series, ingenious tricks may be necessary to be intro-
duced, and some (or a lot) guessing might be required. We invite the reader to verify
our claim by using the Laplace transform technique to find exact sums for her favorite
series (of one of the types under discussion) and then compare with the traditional
methods.
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infinite series [5].

We are grateful to one of the referees who read the article with great care and dedication. Although typesetting
had introduced many typographical errors into the document, the penetrating and thorough reading of the referee
helped very much in detecting them.

REFERENCES

1. H.F. Davis, Fourier series and orthogonal functions, Dover, New York, 1989.

2. C. Efthimiou, Finding exact values for infinite sums, this MAGAZINE 72 (1999), 45-51.

3. J.P. Lesko and W.D. Smith, A Laplace transform technique for evaluating infinite series, this MAGAZINE 76
(2003), 394-398.

4. LS. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Corrected and Enlarged Edition,
Academic Press, New York, 1980.

5. A.D. Wheelon, Tables of Summable Series and Integrals Involving Bessel Functions, Holden-Day Publishers,
San Francisco, 1968.




380 MATHEMATICS MAGAZINE

Two Methods for Approximating z

CHIEN-LIH HWANG

Department of Mathematics
National Taiwan University
Taipei, Taiwan
hcl@math.ntu.edu.tw

Dedicated to Professor Dario Castellanos (December 4th, 1937-November
23rd, 1995) of Facultad de Ingenieria, Universidad de Carabobo, Valencia,
Venezuela.

It is not difficult to obtain formulas that approximate 7. For instance, from the series

x3 x> x2  x*

i —_y — — 4+ = .. d =1-"—4 ...,
sinx = x 6+120 an CcoS X 2+24

we get, neglecting terms of order five or higher,

3sinx — xcosx =~ 2x, so that
3sinx
XX —,
24 cosx

(1)

This formula was given by Cardinal Nicolaus Cusanus, and later by the Dutch mathe-
matician and physicist Willebrord Snellius [1], most famous for the law of refraction
now known as Snell’s law.
Combining the first two series with
2 2

—Sin2x =SiNXCOSX =X — =X 4 — x> — -+,
3 X X X X 3x +15x

we get, neglecting terms of order seven or more,

14sinx — 6x cos x + sinx cos x = 9x or

X ~ sinx M )
94 6cosx
a formula due to Newton.
These formulas give better approximations for smaller angles. Using x = 7 /12, we
get m = 3.141509994 from (1), while Newton’s formula gives m =~ 3.1415921609, the
true value being, of course, 3.141592653589.. . ..

Ways of the master The method that led to (1) and (2) is due to Newton [2]. Let us
extend his procedure, following the adage that much is to be learned by treading the
ways of the great master.

To this end we consider the expression

x &~ A;sinx — Ayxcosx + Aszsin2x — Aux cos2x
+ -+ Ay sinsx — Ay, x COS X, 3)

where the A;s are constants to be determined and the = sign is to be interpreted in the
sense that the Maclaurin expansions of both sides agree up through the power x*~!
(and thus up through the power x* since all the functions involved in (3) are odd).
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Expanding the right-hand side by use of the appropriate Maclaurin series, and equat-
ing corresponding powers of x, one finds a system of 2s equations with 25 unknowns
for the determination of the A;s:

Al —A2+2A3—A4+"'+SA2s—l _A2.Y =1
A —3A+2%A3—3-22A,+ -+ 57 As_; — 35245, =0

Al —(4s — DA, +2% A3 —3.224, + - -
+ 5% Ay — (ds — 1)s™2A4,, =0
Solving for x in (3) we find

A;sinx + Assin2x + Assin3x + - - -+ Ay sinsx
X = .
1+ Aycosx + Aycos2x + Agcos3x + --- + Ay, cossx

Fors = 1,we find A, =3/2, A, = 1/2, which gives (1).

To list expressions for additional values of s we will use the identities sin2x =
2sinx cos x, cos 2x = cos® x — sin’ x, and so on, so that all trigonometric functions
will be evaluated with the same argument.

The value s = 2 gives

. 16 + 5cos x @)
A~ —sin .
o 3 nx 17 4+ 16 cosx + 2cos? x
Using s = 3 gives
. 92 + 66 cos x + 7 cos® x
X~ —sinx (5)
5 82+ 111cosx + 36cos?x + 2cos? x
and s = 4 gives
1 . 91,648 + 103,511 cos x + 28,544 cos? x + 1,522 cos? x
X & — sin (6)

35 o 1,667 + 2,944 cos x + 1,560 cos? x + 256 cos3 x + 8cos* x

Setting x = 7/6 yields interesting approximations for 7. Formulas (4), (5), and (6)
give successively

2453
3245Y3 5 4150000 . (7)

37 + 164/3

21 389+ 1323
21 389+132V3 _ 3.14159265346 . . ., (8)

5 436+ 2553

3 45.224 + 209,3057/3
3 224+ ‘/_23.141592653589754...; 9)

70 5,683 +3,1364/3
the correct value of 7 being, we recall, 3.141592653589793238.. ...
It is interesting to note that (8) and (9) improve Ramanujan’s formula [5]

63 17+ 155

— T —3.14159265380. ... (10
25 74155 :
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Though for similarly-sized coefficients (10) is a better approximation than (7), it is
worth emphasizing that Ramanujan’s method, based on the theory of elliptic modular
functions, is considerably more involved than the simple procedure we have used here.

In this method, we did not justify one assumption: How do we know that we can
always solve the system of equations for the coefficients A;,? How do we know that
the matrix of the coefficients is always nonsingular? The answer is interesting and not
too obvious.

The problem amounts to finding n functions with the property that some linear
combination k(x) of them agrees with a given smooth function f (x) in the sense that
F90) = kY(0) for j =0, 1,...,n — 1. To show that this is always possible, con-
sider n independent solutions of some nth order homogeneous linear differential equa-
tion. Let k(x) be the linear combination of these n functions that satisfies the initial
conditions £ (0) = k“’(0), j =0, 1,...,n — 1. Such a k exists and is unique on ac-
count of the usual existence and uniqueness theorem. Furthermore, if n = 2s and s of
the independent solutions to the differential equation are even and s are odd, then if f
is odd (even) it can be expressed as a linear combination of the s odd (even) functions.
In particular, the differential equation

(D2+12)2(D2+22)2"'(D2+Sz)2y:O

is of order 4s and has 2s odd solutions, sinx, x cos x, sin2x, x cos2x, --- sinsx,
x cos sx. Thus, choosing the odd function y = x we may write x =~

Apsinx — A,xcosx + Azsin2x — Agx cos2x + - - - + Ay Sinsx — Ay X COS X,

which is (3).
It is more interesting to show that the determinant of this matrix is nonzero. Define

uj —1 7P —1 U —1
u’? —3u% u% —3u% u? —3u?
S 4 S 4 5 4
Hw,,...,u)=1| % —=Suj u3 —Su3 us —Suy
uzlts—l (- 4s)u?"'_2 uzzu-—l a —4s)ug‘“_2 T (1 —dsyub2

Then by row and column operations, we can show
Huy, . ou) = =20y —u)* -l —uD) Hua, .., uy),
which implies

HGu o) = (=2 i)’ [ @ —ud)

I<i<j<s

Taking u; = j for each j we see that the coefficient matrix is nonsingular. This type
of determinant is sometimes called a confluent Vandermonde determinant. A similar
one (with odd and even powers), which dates back to a paper of D. Besso in 1882,
appeared as problem 10601 in the American Mathematical Monthly several years ago,
with solution on pp. 688—689 of volume 106 (1999). The reference to Besso is in Sir
Thomas Muir’s The Theory of Determinant in the Historical Order of Development,
volume 4, p. 155.
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Transcendental approximations to w Let us consider now the expression

x &~ A, sinx — A, sin2x + Azsin3x — - -+ (—=1)*T'A, sinsx, (11)

where the Maclaurin expansions on the right-hand side agree with that of x up through
the power x*~!. Using the appropriate sine series and equating corresponding powers
of x, we find the system

Al — 24, + 3A; —---+ (=1 lsA, =1
A — 224, + 3%A; —- 4 (=1)'$34, =0
Al =25 1A, 435 1Ay — o (1) s 1A =0

of s equations which we hope will determine the s unknowns, the A;s.
To show that the matrix of the coefficients is nonsingular, consider the differential
equation

(D> +1)(D*+2%) - (D> +sHy=0

which is of order 2s and has s odd solutions: sin x, sin 2x, ..., and sinsx.
Just as before, we can use the determinant to show this matrix always has a unique
solution. Define

V) U2 U3 Vg
3 3 3 3
Vi v, U3 Vg
5 5 5 5
Gy, ...,v) = V) v U3 Uy
2s—1 2s—1 2s—1 2s—1
v ) U3 U

Then by row and column operations we can show

Gy, ...,v) = -+ l_[ (vjz-—viz).

I<i<j<s

This is essentially a Vandermonde determinant; taking v; = (—1)/~'j for each j we
see that the coefficient matrix is nonsingular.

Suppose now that P is an approximation to 7. Write x = P — m, so that x is the
error involved in the approximation. If we replace x by P — m in (11), we get

P—m= i(—l)k-’Ak sinkP = — i:Ak sinkP,
k=1 k=1
using sink(P — ) = (—1)*sink P. When we rearrange to remove the minus signs,
we get
T~ P4+ A sinP + A,sin2P + A3sin3P +---+ A sinsP.
Solving the system for s = 1, we find
7~ P+sinP, (12)

an approximation given by D. Shanks [3]. If P is an approximation of = with n deci-
mals correct, then (12) will have 3n decimals correct.
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Note that the right-hand side of (12) may be written as

which shows that the error x involved in the approximation P is reduced to x*/3! in
(12).

Solving the system of equations for larger values of s we get the successively better
approximations

4 1
n%P+§sinP—+—€sin2P a13)
with 5n decimals correct,
P+3'P+3 '2P+l in3P (14)
TR — sin — sin — sin
2 10 30
with 7n decimals correct,
P+8'P+2'2P+ 8 in3P + : in4P (15)
TR — sin — sin —— sin —— sin
5 5 105 140

with 9n decimals correct, and so on. For instance, if we take P = 3.1, (12) gives
m = 3.1415806, (13) gives m = 3.1415926494, (14) gives 7 = 3.141592653588, and
(15) gives m = 3.1415926535897922.

It is interesting to compare this idea with the Fourier expansion

o) _] n—1 q;
x:ZZg—ﬂ, —T <X < T. (16)
n

n=1

Replace x by P — 7 and use sin(k(P — )) = (—1)* sink P as before to obtain

*. sinnP
n=P+2Z , 0<P <2m. (17)
n

n=|

Now, when one studies Fourier series [4], one learns that among all possible linear
combinations of elements of a system S = {¢y, ¢1, ¢», . .. } orthonormal on [a, b], the
partial sums s,, of the Fourier series of a function f (assumed to be Riemann-integrable
on [a, b)) yield the best possible approximation to f, in the sense that the mean-square
error is least. Formulas (13) to (17) are linear combinations of sine functions that yield
increasingly better approximations to the odd function f(x) =7, 0 < x < 7, and
are periodic with period 2. These approximations are not truncated Fourier series
inasmuch as the coefficients change as s changes. Yet, they are of much better quality
than the partial sums of (17) whose convergence is very poor.

Acknowledgment. The author wishes to express his gratitude to the anonymous referees for their careful reading
of the manuscript and for many valuable suggestions during the completion of this work.
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A m-less Buffon’s Needle Problem
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Carlisle, PA 17013
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In 1733 the French naturalist Georges Louis Leclerc, Comte de Buffon, posed and
solved the following problem in geometric probability: when a needle of length L is
dropped onto a wooden floor constructed from boards of width D (where D > L),
what is the probability that it will lie across a seam between two boards? Buffon de-
termined that the probability is 2L /D . His proof of the now-famous Buffon’s needle
problem appeared in print 44 years later [S].

The solution to this problem is straightforward, requiring only the integral of a
trigonometric function, and is accessible to students in an integral calculus course (a
solution without integration can be found in [9, §1.1]). In 1812 Laplace noticed that
it is possible to approximate m by tallying repeated drops of the needle (the most
remarkable and most suspect example being Mario Lazzarini’s 1901 approximation of
7 to six decimal places after only 3408 tosses [10, 11, 4]). This means of estimating
7 is now a classic application of the Monte Carlo method.

’ <N

Figure 1

There have been numerous extensions and variations of the Buffon’s needle prob-
lem (see, e.g. [1, 6, 7, 8, 10, 12, 13, 14]). In this note we propose another variation.
Suppose that a needle of length L is pushed completely into a clear rubber ball of di-
ameter L. If the ball is dropped onto a wooden floor with slats of width D (D > L),
what is the probability that the needle will lie above a seam in the floor? (This is equal
to the probability that a randomly-placed needle in R? intersects the set of planes
{x = kD : k € Z}.) We call this the Buffon’s ball problem. We will see that unlike the
classical case, = does not appear in the probability, and when L = D the probability
is unexpectedly simple.

The exact location of the needle depends on the location of the ball in the plane and
on the orientation of the needle in the ball. Thus, it corresponds to a point in the space
R? x S, where S is the sphere of diameter L. Taking advantage of symmetries we can
reduce the configuration space to X = [0, D/2] x S. That is, we need only know the
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distance between the base of the ball and the nearest seam (we assume that the boards
run east-west) and the orientation of the needle inside the ball. When we say the ball is
dropped at random, we mean that the possible configurations are uniformly distributed
in X.

For now, fix y, the distance between the base of the ball and the nearest seam. We
wish to compute P(y), the probability that the needle crosses a seam for this value
of y. Let R, denote the region of the sphere corresponding to tip locations that yield a
crossing and let A(y) denote the area of R,. Then,

A®Y) _AQ)
area of sphere  L2m °

P(y) =

When y > L/2 the needle cannot cross the seam, so R, = §, A(y) = 0, and
P(y) =0. When 0 <y < L/2, R, consists of two identical spherical caps centered
about the north and south poles (as in FIGURE 2)—one cap corresponds to the tip
being north of the seam and the other to the eye being north of the seam.

IS4

Figure 2

To compute the areas of these spherical caps we turn to Archimedes. In his work On
the Sphere and Cylinder, Book I [3, Proposition 43, p. 53] he proved the remarkable
theorem that the area of a spherical cap be expressed in terms of only the slant height
of the cap, r (see FIGURE 3). Just like a circle in the plane, the area of the cap is 772.

Figure 3

We would like the area of the cap in terms of the radius of the sphere, R, and the
height of the cap, h. Taking a to be the radius of the base of the cap, we have

a>+h>=r> and (R -h)®>+a*= R

Eliminating a we obtain r?> = 2Rh. Thus, the surface area of the spherical cap is
27 Rh.
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Since our spherical caps have height L/2 — y, the area of R, is

_ L(L_ VNerin(1-2
A(y)_2<2n-2 (2 y))—er(l L)'

Thus, for the fixed value of y (0 < y < L/2), the probability that the needle crosses
the seam is

L’m(1—2y/L) _ | 2y
L2w - L~

Also note that P(y) =0forL/2 <y < D/2.
Finally we are able to solve the Buffon’s ball problem. Since every possibility 0 <
y < D/2 is equally likely, the probability that the needle will lie above a seam is

2 D/2 2 L/2 2y
d POy dy = = 1—22) ay,
D/o () dy D/o ( L>y

which, by elementary geometry (see FIGURE 4), equals L/2D.

P(y) =

P(y) P(y)

A \
1 1

(ST [
<
IS

~N
I~
|

Figure 4

Notice that unlike the classical Buffon’s needle problem, & makes no appearance in
the probability. Moreover, as is easily seen in FIGURE 4, when D = L the probability
of the needle crossing a seam is the same as a coin toss!

Although we justified these surprising conclusions mathematically, it would be nice
to gain an intuitive understanding of why they hold. To do so, we return to the formula
for the area of a spherical cap, A = 2w Rh. Using this formula it is easy to show that
when a sphere and its circumscribing cylinder are sliced by two planes perpendicular
to the axis of the cylinder (see FIGURE 5) they produce slices of equal lateral surface
area (this result can be found in [2]). Viewed another way, when a sphere is cut by two

T

Figure 5
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parallel planes, the area bounded by the planes depends only on their separation and
not on their orientation.

In the context of the Buffon’s ball problem this uniformity implies that the lengths
of all projections of the needle onto the north-south axis are equally likely! So, the ex-
pected length of the projection is L /2. Since the distribution is uniform, the probability
of a crossing is (L/2)/D = L/2D.

Surveying the literature we find that the classical Buffon’s needle problem can be
extended in several directions. Of particular interest are the generalizations found
in Ramaley’s paper [13]. First, if the needle is longer than the width of the boards
(L > D), then it may cross more than one seam when it falls on the floor. In this case
the expression found by Buffon, 2L /D, is the expected value for the number of line-
crossings. In fact, Ramaley shows that this interpretation holds even if the needle is
not straight, but is a polygonal curve of length L, or, in the limiting case, a curve of
length L. That is, if a piece of string of length L is tossed on the floor then 2L/ Dx is
the expected number of line-crossings! He called this the Buffon’s noodle problem.

Examining Ramaley’s arguments we see that they apply to our situation with no
modification except the replacement of Buffon’s probability with ours. So, if a needle
of length L is placed in a ball of diameter L and is dropped onto a wooden floor with
boards of width D, then the expected number of seams that the needle will cross is
L/2D. Likewise, if a piece of string of length L is suspended inside this same ball so
that it cannot move and it is dropped on the same floor, then L/2D is the expected
number of seams it will cross (FIGURE 6). Viewed in another way, this says that on
average a curve of length L in R3 will intersect the set of planes {x = kD : k € Z} in

L /2D points.
P /D

S @

Figure 6
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REFERENCES

1. Ani Adhikari and Jim Pitman. The shortest planar arc of width 1. Amer: Math. Monthly, 96 (1989), 309-327.

2. Tom M. Apostol and Mamikon A. Mnatsakanian. A fresh look at the method of Archimedes. Amer. Math.
Monthly, 111 (2004), 496-508.

3. Archimedes. The works of Archimedes: Edited in modern notation with introductory chapters by T. L. Heath
with a supplement, “The method of Archimedes”. Dover Publications Inc., New York, 1953. Reprint of the
1897 edition and the 1912 supplement.

4. Lee Badger. Lazzarini’s lucky approximation of . this MAGAZINE, 67 (1994), 83-91.

5. Georges Louis Leclerc Comte de Buffon. Essai d’arithmétique morale. In Histoire naturelle, générale er
particuliére, Supplément, volume 4, pages 46—123. 1777.

6. Duane W. DeTemple and Jack M. Robertson. Constructing Buffon curves from their distributions. Amer.
Math. Monthly, 87 (1980), 779-784.



VOL. 79, NO. 5, DECEMBER 2006 389

7. R. L. Duncan. A variation of the Buffon needle problem. this MAGAZINE, 40 (1967), 36-38.
8. H.J. Khamis. Buffon’s needle problem on radial lines. this MAGAZINE,64 (1991), 56-58.
9. Daniel A. Klain and Gian-Carlo Rota. Introduction to geometric probability. Lezioni Lincee. [Lincei Lec-
tures]. Cambridge University Press, Cambridge, 1997.
10. Pierre Simon Laplace. Théorie Analytique des Probabilités. 1812.
11. Mario Lazzarini. Un’ applicazione del calcolo della probabilita alla ricerca sperimentale di un valore ap-
prossimato di w. Periodico di Matemtica, 4 (1901), 140-143.
12. M. F. Neuts and P. Purdue. Buffon in the round. this MAGAZINE, 44 (1971), 81-89.
13. J. F. Ramaley. Buffon’s noodle problem. Amer. Math. Monthly, 76 (1969), 916-918.
14. J. V. Uspensky. Introduction to Mathematical Probability. McGraw Hill Book Company, Inc., New York,
1937.

Conditions Equivalent to the Existence
of Odd Perfect Numbers

JUDY A. HOLDENER

Kenyon College
Gambier, OH 43022
holdenerj@kenyon.edu

The abundancy index 7 (n) of a positive integer n is defined to be the ratio I(n) =
o(n)/n, where o (n) = de d. This index is a useful tool in determining whether a
number is deficient, abundant, or perfect. In particular, n is deficient if I(n) < 2, it is
abundant if I (n) > 2, and perfect if I(n) = 2. Some of the oldest open problems in
mathematics relate to the abundancy of a number. Are there infinitely many perfect
numbers? Does there exist an odd perfect number? Here are just two questions that
were posed by the Greeks over two thousand years ago, and yet they remain unan-
swered today.

In recent years, this MAGAZINE has published several interesting articles examining
the abundancy index of a number [1, 3, 4]. In [1], R. Laatsch provided a comprehen-
sive summary of what is known about the abundancy index, including a proof that
the image of /(n) is dense in the interval (1, o). He also posed several interesting
questions, one of which was: Is every rational number q > 1 the abundancy index of
some integer? In [4], P. A. Weiner answered Laatsch’s question in the negative by pro-
viding an infinite family of rational numbers in (1, co) which fail to be an abundancy
index of any integer. Even more interesting, Weiner proved that the set of rationals in
(1, 0o0) not in the range of 7 (n) is actually dense in (1, 00). Finally, Weiner proved the
following result:

THEOREM. (WEINER, 2000) If I (n) = %for some n, then S5n is an odd perfect
numbetr.

In [3], R. F. Ryan then generalized this theorem of Weiner by proving the following:

THEOREM. (RYAN, 2003) If there exists a positive integer n and an odd positive
integer m such that 2m — 1 is a prime not dividing n and

2m — 1
I(n) = ———,
m
then n(2m — 1) is an odd perfect number.

In Theorem 1 below, we generalize Ryan’s result further by providing a condition
that is actually equivalent to the existence of odd perfect numbers. The generalization
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is also helpful in that it sheds some light on the theorems cited above by revealing the
connection that they have to Euler’s well-known characterization of odd perfect num-
bers. (Euler proved that if an odd perfect number exists, it must have the form p"mz,
where p is a prime satisfying gcd(p, m) = 1 and p = @ = 1 (mod 4) [2, p. 267].)

THEOREM 1. There exists an odd perfect number if and only if there exist positive
integers p, n, and « such that p = o = 1 (mod 4), where p is a prime not dividing n,
and

2p*(p—1)
10 ==
p —1

Proof. If N is an odd perfect number, then Euler showed that N must have the form
N = p“m?, where p is a prime satisfying gcd(p, m) = 1 and p = « = 1 (mod 4).
Hence o (N) = o (p*m?) = o (p*)o (m?) = 2p*m?, and

o(m®  2p*  2p*(p—1)

2y
I(m*) = m? —O—(pa)_ petl — 1

This proves the forward direction of the theorem.
Conversely, assume that there exists a positive integer n such that

_2p"(p—1)
- petl — 1

I(n)

tl

where p = o« = 1 (mod 4) and p is a prime satisfying p 1 n. Then

2p*(p—1) pt-1
prtt =1 pe(p—1

I(n-p*) =1mI(p%) =

So n - p* is a perfect number.
Now we claim that n - p* cannot be even. For if it were, it would have the Euclid-
Euler form for even perfect numbers:

n- pot — 2m—](2m _ 1)

where 2" — 1 is prime. Since 2™ — 1 is the only odd prime factor on the right hand
side, p* = p' =2" — 1. But p = 1 (mod 4) and 2" — 1 = 3 (mod 4) (because m must
be at least 2 in order for 2" — 1 to be prime). This contradiction shows that n - p® is
not even. Therefore it is an odd perfect number. ]

In closing, we note that if 7 (n) = 5/3 then 5 cannot be a divisor of n. (See the proof
of Theorem 3 in [4].) Hence Theorem 1 yields Weiner’s result when p = Sand o = 1.
Ifa =1and p =4k + 1, then

2p%(p—1) _ 2p  20k+1) 22k+1)—1
pett — 1 p+1 4k+2 2k +1

’

and by setting m = 2k 4 1, we see that Theorem 1 generalizes Ryan’s result as well.

Acknowledgment. [ would like to thank Paul Weiner who suggested the simpler proof of the converse to Theo-
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support they provided me during the writing of this paper.
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The symmetric difference of two sets A and B is defined by AAB = (A\ B) U
(B \ A). It is easy to verify that A is commutative. However, associativity of A is
not as straightforward to establish, and usually it is given as a challenging exercise to
students learning set operations (see [1, p. 32, exercise 15], [3, p. 34, exercise 2(a)],
and [2, p. 18]).

In this note we provide a short proof of the associativity of A. This proof is not new.
A slightly different version appears in Yousefnia [4]. However, the proof is not readily
accessible to anyone unfamiliar with Persian.

Consider three sets A, B, and C. We define our universe tobe X = A U B U C. For
any subset U of X, define the characteristic function of U by

(x) = 1, ifxeU,
XU =10, ifxe x\U.

Two subsets U and V of X are equal if and only if x;; = xv. The following lemma
is the key to our proof.

LEMMA. For any two subsets U and V of X and for any x € X,
Xuav(X) = (Xu(X) = xv (x))* (D
= xv(xX) + xv(x) = 2xu (x) xv (x). (2)

Proof. Note that both sides of (1) are equal to 1 exactly when x belongs to one of
U or V, but not to both. The identity (2) follows immediately from (1) and the fact that
x2 = xs for any set S. [ |

PROPOSITION. Let A, B, and C be three sets. Then
(AAB)AC = AA(BAC).
Proof. From the Lemma we see that

X(AaB)AC = XAaB + Xc — 2XaaBXC 3
= (Xa+ X8 —2Xxax8) + Xc —2(Xa+ xB —2XaX8B) XC
= Xa+ XB+ Xc —2XaXB — 2XaXc — 2XBXc +4XaXBXC-
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Since the last line in (3) is symmetric with respect to A, B, and C, we conclude that

X(AAB)AC = X(BAC)AA- 4)
But A is commutative, and therefore (4) completes the proof of the Proposition. u
By using modular arithmetic, we can make the above proof even shorter. Note that

U = V if and only if xy = xy (mod 2). Thus, the Lemma becomes

Xvay = Xu + xv (mod 2).

The associativity of the symmetric difference now follows from the associativity of
addition in modular arithmetic.
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Proposals

To be considered for publication, solutions should be received by May 1, 2007 .

1756. Proposed by Courtney H. Moen and William P. Wardlaw, U. S. Naval Academy,
Annapolis, MD.

For which nonnegative integers n do there exist nonnegative integers a and b such
that n! = 29(2% —1)?

1757. Proposed by Ken Ross, University of Oregon, Eugene, OR.

Consider M > 3 equally likely properties, like birthdays, that objects, such as peo-
ple, can possess. We assume that each object possesses exactly one of the M proper-
ties. Forn < M, let P(n; M) be the probability that in a random sample of n objects,
all of the objects possess different properties, and let S(M) be the least n such that
Pn; M) < % (The familiar birthday problem is based on the fact that 8(365) = 23.)

It is well known, based on estimations, that 8(M) is close to +/2M In 2. Show that, in
fact, B(M) is one of the two integers in the interval (+v2M In2, v/2M In2 + 2).

1758. Proposed by Michael Goldenberg and Mark Kaplan, The Ingenuity Project,
Baltimore Polytechnic Institute, Baltimore, MD.

Let F), be the nth Fibonacci number, thatis, Fo =0, Fy =1,and F,, = F,,_, + F,,_»
for n > 2. Prove that

P +1

=3.
Fon—1

n=2

We invite readers to submit problems believed to be new and appealing to students and teachers of advanced
undergraduate mathematics. Proposals must, in general, be accompanied by solutions and by any bibliographical
information that will assist the editors and referees. A problem submitted as a Quickie should have an unexpected,
succinct solution.

Solutions should be written in a style appropriate for this MAGAZINE. Each solution should begin on a
separate sheet.

Solutions and new proposals should be mailed to Elgin Johnston, Problems Editor, Department of
Mathematics, Iowa State University, Ames IA 50011, or mailed electronically (ideally as a I&TgX file) to
ehjohnst@iastate.edu. All communications should include the reader’s name, full address, and an e-mail
address and/or FAX number. Please make sure your name appears on all pages, including electronic pages.
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1759. Proposed by Larry W. Cusick and Maria Nogin, California State University,
Fresno, CA.

In the accompanying figure, AABC is equilateral. In addition, /ZFAB = /DCB,
LFBA = /ECA, and LEAC = LDBC. Prove that segments AD, BE, and CF are
concurrent.

1760. Proposed by Péter Ivddy, Budapest Hungary.

Prove thatfor0 <a < b < 00,

a?+b? ~— a+b b—a
2 tVab- 2 >lnb—]na'

Quickies

Answers to the Quickies are on page 399.
Q96S. Proposed by Gotz Trenkler, University of Dortmund, Dortmund, Germany.

Let A and B be normal n x n matrices with complex entries. Prove that AB and
B A have the same rank.

Q966. Proposed by Michael W. Botsko, Saint Vincent College, Latrobe, PA.
Let {f,} be a sequence of bounded, real valued functions defined on a set S C
(—o0 00) and let f be a bounded real valued function defined on S. Show that if

nlLr& (fn(-xn) - f(xn)) =0 (hH

for every sequence {x,} in S, then the sequence { f,,} converges to f uniformly on S. Is
the result still true if we only assume (1) for every convergent sequence {x,} in S that
converges to an element in S?

Solutions

A perimeter inequality December 2005

1731. Proposed by Mowaffaq Hajja, Yarmouk University, Irbid, Jordan.

Let A’, B’, and C’ be points on sides ﬁ_,_C_A, and AB, respectively, of tri-
angle ABC, and let M be the point at which AA’ intersects B’C’. Prove that either
p(A'C'B) > p(A'’C'M) or that p(A’B'C) > p(A’'B'M), where p(XY Z) denotes the
perimeter of triangle XY Z.
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Solution by Fejéntaldltuka Szeged Problem Solving Group, Hungary.

We assume that none of A’, B’, C’ coincides with a vertex of the triangle. If B'C’ ||
BC, then there is a point D on A’C with DB’ || MA’. Then B’'DA’M is a parallelo-
gram and

p(A'B'M) = p(A’'B'D)
—AB +BD+AD<AB +(BC+CD)+A'D
= p(A'B'C).

If B'C' f BC, then there is a point E on_e_i_t_her;\_B or AC with A’E | B'C’. With-
out loss of generality, assume that E is on AB. Then there is a point F on A’E such
that C'F | M A’. Then from parallelogram C'FA’M we have

p(A'C’'M) = p(AC'F)=AC'+CF+FA <AC +(CE+EF)+ FA
=AC'+CE+EA <AC'+CE+ (EB+ BA)
=A'C'+C'B+ BA'= p(A'C'B).

Also solved by Deeparnab Chakrabarty (India), Paul Weisenhorn (Germany), and the proposer. There was
one partial solution.

The AM-GM region December 2005

1732. Proposed by Café Dalat Problem Solving Group, Washington D.C.
Let n be a positive integer and define the function f : [0, 1]" — [0, 1]> by

) «/"xlx2"'xn>-

Let I (n) denote the range of f in [0, 1]?. Determine Ug2 I (n).

xXpt+x2+ -+ x,
n

f(xy, xz,...,x,,)z(

Solution by Robert Calcaterra, University of Wisconsin-Platteville, Platteville, WI.

Let § = U2, I (n). Because the arithmetic mean of a finite set of nonnegative num-
bers cannot be less than its geometric mean, S isasubsetof {(x, y) : 0 <y <x < 1}.
Furthermore, if (x; + -+ x,)/n = 1 with x; € [0, 1] for each k, then each x; = 1
and f(xy, x2,...,x,) = (1, 1). Thus, (1, y) € Sifandonly if y = 1.

Now assume that 0 < g < a < 1. Choose a positive integer n with "—;—‘ > a, let
b= n—"_‘—’T, and let F(z) = at(b + at — bt)"~!. Because F(0) = 0 and F(1) = a”", there
exists r € [0, 1] such that F(r) = g". Set x; = ar and x, = b + (a — b)r for k =
2,3,...,n. Then 0 < x; < 1forall k and f(x;, x2,...,x,) = (a, g). Consequently,
S={(x, y) : 0=<y=x<1}U{{, D}

Also solved by Tshhaye Andeberhan (Eritrea), Michael Andreoli, Michel Bataille (France), Jean Bogaert
(Belgium), Cal Poly Pomona Problem Solving Group, Chip Curtis, Larry W. Cusick, Knut Dale (Norway), Jim De-
lany, Jeffrey M. Groah, Eugene A. Herman, Tom Leong, Northwestern University Math Problem Solving Group,

Gabriel T. Prdjiturd, Thomas Q. Sibley, Albert Stadler (Switzerland), Marian Tetiva (Romania), and the pro-
posers. There was one incorrect submission.

A limit from the exponential function December 2005
1733. Proposed by Ovidiu Furdui, student, Western Michigan University, Kalamazoo,
Ml
Let x be a fixed real number. For positive integer n define
2 x"

1\™ x x
=142 =14+ — e
a ( +n) and b +1!+2!+ +n!
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Determine

nlin;o(an+l + Aan42 + R ayy — bn+l - bn+2 - b2n)~

Solution by Michael Goldenberg and Mark Kaplan, The Ingenuity Project, Baltimore
Polytechnic Institute, Baltimore, MD.

Let ¢, = (ay — ) — (by — €¥). We show that lim,,_, », Zf’inﬂ = —xe* InV/2.
First observe that for k + 2 > 2]x],
o |x|k+l+j |x|k+l e |x|j

by — et| < :
16 el_g(k+1+j)!_(k+l)! (k +2)7

j=0
x| 1 2| x|

T kDT S ey
k+2

Thus, for fixed x, lim,_, o Zi” i1 (b — €*) = 0. Next note that

kx
a — ex — (1 + l) _ ex — ekxln(l+7\l:) _ ex — ex(

k
— e (e +o(is) 1) — o <—2ik+o(k'—2)>.

2n 2n
. . 1
im 35 @ —en=tim 55 e (~5+0 ()

k=n+1 k=n+1

T
g_
+
S
—~~
=
S~
SN
|
Y

Therefore,

1
= —Exe" nll)rroz Z — = —xeIn2.

k= n+l

Also solved by Michel Bataille (France), Jean Bogaert (Belgium), Paul Bracken and N. Nadeau, Robert Cal-
caterra, Eugene A. Herman, Hosam M. Mahmoud, Nicholas C. Singer, Albert Stadler (Switzerland), Michael
Vowe (Switzerland), and the proposer. There was one incorrect submission.

Values of a polynomial December 2005

1734. Proposed by H. A. ShahAli, Tehran, Iran.

Let « be a fixed irrational number and let P be a polynomial with integer coef-
ficients and with deg(P) > 1. Prove that there are infinitely many pairs (m, n) of
integers such that P(m) = |an].

Solution by Nicholas C. Singer, Annandale, VA.
For positive real number A define x mod A by

X
xmodA::x—A{—J.
A

Note that x mod A € [0, A) for all real x. Given integer m, set

n_n(m)—(sgna)( ﬂ l).
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If P(m) mod || > |a| — 1, then

P
na) = W Q%J + 1)J — |P(m) + | — (P(m) mod |al)] = P(m),

because 0 < || — (P(m) mod |«|) < 1.

For |a| < 1 the condition P(m) mod |¢| > 0 > |«| — 1 holds automatically.

Now assume that |o| > 1. Weyl’s theorem says that for a nonconstant polyno-
mial p(x) with real coefficients and irrational leading coefficient, the sequence {p(n)}
is uniformly distributed mod 1. Thus, if p(x) = P(x)/|«|, then there are infinitely
many m for which 1 — ﬁ < p(m) mod 1 < 1. For these m we have P(m) mod |«| >
|| — 1.

Also solved by Gabriel Dospinescu (France) and Marian Tetiva (Romania), G.R.A.20 Math Problems Group
(Italy), Albert Stadler (Switzerland), and the proposer. There was one incorrect submission.

Zeros of a polynomial December 2005

173S5. Proposed by George Gilbert, Texas Christian University, Fort Worth, TX.

Find the complex zeros of the polynomial

- —1 z 0 07
1—z -1 Z 0 0
0 11—z -1 z 0 0

pn(2) = det . . . . R
0 0 0 11—z -1 z

0 0 0 11—z —1_

where the matrix is an n x n tridiagonal matrix.

Solution by Knut Dale, Telemark University College, Bp, Norway.
We have p,(z) = —1 and p,(z) = 1 — z(1 — z) . Expanding on the first row of the
matrix leads to the recurrence formula

Pn + Pn—1 + Z(l - Z)pn—2 = 0

The characteristic equation for this recurrence formula has solutions #{ = z — 1 and
n=—z.Ifz=4fthensy =6, =—1and p,(3) = (n+ 1)(—3)" #0.1If z # 1 then

( (Z _ l)rH-] _ (__Z)rH-l )

1
pn(Z) = 2z — 1

To get p,(z) = O we musthave z — 1 = —z w* where w = exp(fg’_—’;),k =0,1,...,n,

that is, z = e Since z # % we must have £ # 0. If n = 2m — 1 is odd, we must
w
also have k # m to avoid w* = —1. Hence, if n is even pr has n different zeros, and

if n is odd p, has n — 1 different zeros.

Also solved by Michel Bataille (France), Jean Bogaert (Belgium), Brian Bradie, Robert Calcaterra, David
Callan, Chip Curtis, Paul Deiermann, Jim Delany, Matthew Hudelson, Kim McInturff, Gabriel T. Prdjiturd,
Nicholas C. Singer, Albert Stadler (Switzerland), Michael Vowe (Switzerland), and the proposer. There was one
incorrect submission and one incomplete submission.
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Problem 1720 Revisited April 2005

1720. Proposed by Stephen J. Herschkorn, HIghland Park, NJ.

Let X be a standard normal random variable and let a be a positive number. Show
that E[X | |X — a| < ¢] is strictly decreasing in nonnegative 7.

Solution by the proposer.

Notethat E[Z ||Z —a| < t] =a+ E[Z —a||Z — a| < t]. The desired result fol-
lows because the random variable Z — a satisfies the hypotheses of the following re-
sult.

PROPOSITION. Let X be an absolutely continuous random variable whose range
is an interval / symmetric about 0. Assume that X has a strictly positive, piecewise
continuous density function f on I such that f(—x)/f(x) is strictly increasing in
nonnegative x. Then E[X | |X| < ¢] is strictly decreasing in nonnegative t € I.

Proof. Let B(x) = f(—x)/f(x) and

JLxfydx [x(1 = B() f(x)dx

(1) = E[X[|X] < ] = = =Jo -
¢ = = o dx ~ A+ Ban () dx

Then g (¢) exists for all but at most countably many values of ¢, and where it exists,

g1 = f (@)

= m/o R, Df (0 dx,

where

h(x, ) =t (1 —=B) A+ LX) —xA+B()A—Bx)).
It suffices to show that A(x, t) < O for 0 < x < ¢. To this end, note that

- __ 2
1+8(y) 148

is decreasing in nonnegative in y because S is strictly increasing. Thus for 0 < x < 1,

x(A-pw)  xdA-pw) tU-pW)
14+ B(x) 1+ B(1) 1+ B(1)

9

where the latter inequality follows from that fact that 8 is bounded below by 8(0) = 1.
This concludes the proof of the proposition and establishes the desired result. |

I thank Thomas Struppeck for the suggestion that the monotonicity of B was the crucial
hypothesis.

Note. A solution to this problem appeared in the April 2006 issue. In that solution it
was noted that the requested expected value was the x-coordinate of the center of mass
of the region below the graph of y = e~ and above the x-axis for x between a —  and
a + t. It was then remarked that because of the shape of the graph, this x-coordinate
was a decreasing function of ¢+ > 0. The proposer forwarded the following example
showing that the decreasing nature of this coordinate is actually a subtle point. Let f
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be defined on R by

fx) = 9x — 8 1<)c<i

Let a(¢) be the x-coordinate of the center mass of the region under the graph of y =
f(x) and above the x-axis for x between —¢ and ¢. Then it is easily shown that a(%) <
a(2). Thus, as ¢ increases from % to 2, the x-coordinate of the center of mass of the
region increases inspite of the fact that we are adding more mass on the left than on
the right.

Answers

Solutions to the Quickies from page 394.
A965. It is well known that

rank(AB) = rank(B) — dim(Im B N Ker A).

See, for example, Matrix Theory, by Fuzhen Zhang, Springer, 1999, page 46. Using
the same result we also have

rank(BA) = rank(A*B*) = rank(B*) — dim(Im B* N Ker A*).

Now rank(B) = rank(B*), and because A and B are normal, Im B = Im B* and
Ker A = Ker A*. It follows that rank(A B) = rank(BA).

A966. For each positive integer n, let M,, = sup, s | f,(x) — f(x)|. Because f and f,
are bounded, each M,, is finite. For each n there exists an x, € S such that

1
| fo(x) — fF(x)| > M, — -
We then have
1
O E Mn < |fn(xn) - f(xn)’ + ;

Because f,(x,) — f(x,) — O, it follows that M,, — 0. Therefore f is the uniform
limit of { f,} on S.

The result is not true if we are only given that f,(x,) — f(x,) — O for every se-
quence {x,} in S that converges to a value in S. As an example, take f,(x) = x" and
fx)=0o0n S = (0, 1). If {x,} is any sequence in S such that x, — x € §, then
fo(xn) — f(xn) = fu(xn) — 0. However, { f,} does not converge uniformly to f on S.

Editor’s Note. 1n the February 2006 issue, Proposal 1736 and Quickie 958 appeared
with the proposer designation “Anonymous.” Both the proposal and the quickie were
submitted by Claude Bégin of Quebec, Canada.
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Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles and books are selected for this
section to call attention to interesting mathematical exposition that occurs outside the main-
stream of mathematics literature. Readers are invited to suggest items for review to the editors.

Gerstein, Mark, Reclusive genius (letter), New York Times (3 September 2006), http://www.
nytimes.com/2006/09/03/opinion/103math.html . Nasar, Sylvia, and David Gruber, Man-
ifold destiny, New Yorker (28 August 2006) http://www.newyorker.com/printables/fact/
060828fa_fact2 . Unraveling toughest puzzle outstanding, rate mathematicians, People’s
Daily (China) (5 June 2006), http://english.people.com.cn/200606/05/eng20060605_
271113 .html . Shing-Tung Yau, http://www.doctoryau.com.

You have no doubt long since heard news of the award of Fields Medals at the International
Congress of Mathematicians in Madrid in August, and of Grigory Perelman’s refusal to accept
his award. Perelman’s conduct and attitude are a refreshing twist on the stereotype of mathe-
matician as weirdo (think of Erd6s, Godel, Nash), harking back to Newton, who was reluctant
to publish because “It would perhaps increase my acquaintance, the thing which I cheify [sic]
study to decline.” Perelman “apparently puts deep thought and seeking knowledge ahead of per-
sonal accolades and career recognition. ... Perhaps tranquil reclusion is a prerequisite for bril-
liant thought” (Mark Gerstein). Perelman can remain reclusive, but tranquility will surely elude
him; a tempest has begun. Two Chinese mathematicians, Zhu Xiping (Zhongshang University)
and Cao Huaidong (Lehigh University) claim that Perelman provided only “guidelines,” not a
proof, for the Poincaré Conjecture, and that they have provided a “complete proof,” building on
the contributions of Perelman and others. Fame and celebrity are at stake, not to mention the
Clay Foundation’s $1 million prize. Perelman’s comment: “Apparently, Zhu did not understand
[my] argument and reworked it.” As a side show, we have Shing-Tung Yau, mentor to Zhu and
Cao and himself a Fields Medal winner (1982), alleging that Nasar and Gruber’s article defames
his reputation; his and others’ responses to their article are at his Website. Meanwhile, Nasar
and Gruber report that “Perelman repeatedly said that he had retired from the mathematics com-
munity and no longer considered himself a professional mathematician.” (Even if that claim is
erroneous, I somehow doubt that he will sue the authors.) Perhaps, unlike most sports cham-
pions but like chess champion Bobby Fischer, he is quitting while he is (at least momentarily)
ahead. Who said that mathematics doesn’t make for lively entertainment?

Hayes, Brian, Gauss’s day of reckoning, American Scientist (May—June 2006) 200-205, http:
//www.americanscientist.org/template/AssetDetail/assetid/50686 .

Author Hayes investigates the famous tale about Gauss’s ingenious way of beating the tedium
of the in-school assignment of summing the integers from 1 to 100. Quips Hayes, “it’s really
hard to do it the hard way,” because shortcuts become obvious. His conclusions are that there is
no account from Gauss’s lifetime (the first is in a funerary tribute by a colleague at Gottingen),
we do not know how Gauss solved the problem, and we need to show that there is a place in
mathematics for students who were not brilliant at age seven.

400
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Roberts, Siobhan, King of Infinite Space: Donald Coxeter, the Man Who Saved Geometry,
Walker & Company, 2006; xv + 386 pp, $27.95. ISBN 10: 0-8027-1499—4; ISBN-13: 978—
0-8027-1499-2.

Donald Coxeter (1907-2003), “guided almost completely by a profound sense of what is beauti-
ful” (Freeman Dyson), almost single-handedly brought geometry back from the death to which
it was condemned by the Bourbaki movement and the New Math (a pedagogical “reform” move-
ment in the 1960s that emphasized terminology and abstraction). This engaging and thoroughly-
researched book (100 pp of endnotes and bibliography) relates Coxeter’s life without going into
great detail about his geometry; his encounters with Wittgenstein, Escher, and Buckminster
Fuller, and Jeff Weeks reflect his lifelong interest in symmetry. One of the several appendices
lists Coxeter’s mathematical publications. Aargh! No index!—that’s really unacceptable for a
definitive biography.

Nabhin, Paul J., Dr. Euler’s Fabulous Formula Cures Many Mathematical Ills, Princeton Univer-
sity Press, 2006; xx + 380 pp, $29.95. ISBN 0-691-11822-1.

This book supplements the author’s An Imaginary Tale: The Story of ~/—1 (1998) with what he
considers the “sexy part” of complex analysis. (To the author: Saying doesn’t make it so, false
advertising does not help the cause, and surely mathematics should arouse other passions. But
I like the book.) The author asks for two years of calculus, differential equations, and matrix
algebra and probability, leaving “more than a few otherwise educated readers out in the cold.”
Since on p. 10 the reader contemplates the infinite product expansion for the sine function, the
author is definitely right about the prerequisites, and the “more than a few” would likely to
freeze to death before finishing the subsequent 300 pp. The book is not just about e™ 4+ 1 =0
(which one of our math majors has tattooed on his forearm!); it makes strong connections that
should inspire mathematics students, and may rescue complex numbers from the oblivion that
the high school and college curricula consign them to—a cure much to be wished for. Also,
where else would you be reminded that Jean-Luc Picard of Star Trek finds relaxation in the 24th
century trying to resolve Fermat’s Last Theorem (will Wiles prove to be wrong after all??7?)?

Daniel, James W., and Leslie Jane Federer Vaaler, Mathematical Interest Theory, Pearson Pren-
tice Hall, 2007; xv + 496 pp, $113.33. ISBN 0-13-147285-2.

“Mathematics of Finance” fell out of the college curriculum years ago but is making a partial
comeback in courses in quantitative literacy. Meanwhile, the first few actuarial exams have al-
tered emphasis away from mathematics and toward economics, reflecting the fact that insurance
companies earn far more from investments than from premiums. But an understanding of in-
terest calculations is still essential for an actuary, important in business, and useful in personal
finance. New textbooks on the subject are rare; Stephen G. Kellison’s Theory of Interest (2nd
ed., 1991) has long dominated the field. This new book includes an introduction to the use of
the Texas Instruments BA II Plus calculator; the usual material on interest and return, annuities,
loans, and bonds; and further material on stocks, arbitrage, and interest rate sensitivity. An-
swers are given to all exercises, and each chapter also features problems whose answer requires
writing a paragraph or essay.

Stewart, lan, Letters to a Young Mathematician, Basic Books, 2006; xii + 210 pp, $22.95. ISBN
0-465-08231-9.

Stewart takes off from Hardy’s A Mathematician’s Apology (1940), offering updated attitudes
about the nature of the mathematical enterprise, in the form of letters to an imaginary aspiring
mathematician as she advances from high school to assistant professor. The book will also
interest parents and friends of potential mathematicians, with its letters answering questions
such as: Why do math? What is math? Hasn’t it all been done? Can’t computers do it all? Why
are proofs necessary? How do mathematicians see the world differently? What’s the best way
to learn mathematics? (“Read around your subject. Do not read only the assigned text.”) The
last few letters address how to advance in the academic profession.
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